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TOM TAT

Nghién ctru dugc thue hién dé danh gia mtc do 6 nhidm vi nhua trong nude bé mit va trong tram tich bai
bién khu vuc thanh phé Quy Nhon. Cac mau nuée va trdm tich duoc thu tai 4 diém doc theo bai bién Quy Nhon
dé phan tich. Mau nuéc duge xur ly biang SDS, Biozym ES, Biozym F va H,0,30% trong khi mAu tram tich chi xr
Iy bang H,0,30%. Két qua cho thdy mat d¢ vi nhua trong nudc bé mat dao dong tir 16,37 — 62,86 vi nhua/m’ va
trung binh 12 30,32 vi nhua/m? trong khi mat d¢ vi nhua trong tram tich dao dong trong khoang 1.700 — 3.100 vi
nhya/kg trdm tich kho va trung binh 14 2.400 vi nhua/kg trim tich kho. Ngudn nude thai tryc tiép tir thanh phd dugc
xem 1a ngudn gdy 6 nhidm vi nhya chinh & khu vuc nghién ciru. Chiéu dai cac soi vi nhwa chu yéu trong khoang
300 — 2000 pm trong khi dién tich cac manh vi nhya tap trung & nhém 45000 — 400000 wm?2 Mau xanh bién, mau
tréng va mau tim 1a nhiing mau chu dao cua vi nhya dang s¢i va mau tréng, vang va xanh bién 1a cac mau vu thé
cua vi nhya dang manh.

Tw khoa: Vi nhwa, Quy Nhon, su 6 nhiém, tram tich, nuéc bé mat.

*Tac gia lién hé chinh.
Email: vovanchi@qnu.edu.vn
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ABSTRACT

The study was carried out to assess microplastic contamination in surface waters and beach sediments
around the coastal areas of Quy Nhon city. The water and sediment samples were collected at 4 sites along
Quy Nhon beach for analysis. The water samples were treated by SDS, Biozym ES, Biozym F and H,0,30% while
sediments were only treated by H,O,30%. The results showed that the microplastic concentration in surface water
was from 16.37 — 62.86 items/m® with average of 30.32 items/m? while this in sediments fluctuated in the range of
1700 — 3100 items/kg of dry sediment with average of 2400 items/kg of dry sediment. The domestic wastewaters
from the city are considered as the major source causing microplastic contamination at study sites. The length of
microfibers was mostly in the range of 300 — 2000 pm and the area of microfragments was dominant in the range
of 45000 — 400000 um?. Blue, white and purple were the dominant colors of microfibers, and white, yellow and

blue were predominant for microfragments.

Keywords: Microplastic, Quy Nhon, contamination, sediments, surface water.

1. INTRODUCTION

Plastic pollution is one of noticable problems
in the world, causing negative effects on
ecosystems, especially aquatic ecosystems,
and also causing potential impacts on human
health. Plastic wastes released from human
activities mostly end up in the seas and oceans
via rivers. Under the influence of environmental
factors, especially in coastal areas, such as high
temperature, high radiation intensity, waves
and wind, large plastic samples are separated
into microplastics,' that have the size of from
1 um to 5000 pm.> Rahman et al. reported that
microplastics can cause direct effects on human

*Corresponding author.
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health through oxidative stress and cytotoxicity,
altering metabolism, neurotoxicity, reproductive
system toxicity, carcinogenic, or indirect
effect as a vector to transfer chemicals and
microorganisms into human body.’

Costal ecosystems are places loaded a
large amount of macroplastics and microplastics
from inland as well as marine activities.*
Therefore, microplastics can be distributed in
different environments in these ecosystems.
The microplastic distribution in sediments has
been reported in many studies in the world, with
different concentrations from the low values
as of 1.3 — 36.3 particles/kg dry sediment® or
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48.7 — 390.7 particles’kg dry sediment® to
high values as of 2000 — 8000 particles/kg
dry sediment’, 5020 — 8720 particles’kg dry
sediment® or 3000 — 18000 particles’kg dry
sediment.? Similarly, microplastic contamination
in water environment has been recorded with
different densities at studied areas. This was
clearly mentioned in the study of Rodrigues
et al® at the costal areas in Portugal; microplastic
concentration varied from 0.015 particales/m? at
the protected water to 0.17 particales/m’ at urban
estuary, or 2748 particles/m? at areas associated
with submarine wreck and 4028 particales/m? at
recreational marina. Other studies also showed
the different concentrations of microplastic in
waters, such as from 380 to 610 particles/m’
at Surabaya bay — Indonesia,' 1660 - 8925
particles/m* at urban lakes in China," or
10000 — 22000 particles/m® at delta of Manas
river in China.'? Tt is clear that microplastic
contamination in the environment in general as
well as in waters and sediments in particular
has been greatly addressed by researchers in
the world. However, there have been several
studies carried out in Vietnam with different
concentrations of microplastic recorded, ranging
from 1542 to 2024 particles/kg dry sediment
at Sau and Dau beach — Vung Tau'® to 9238
particles/kg dry sediment at Da Nang beach,' or
from 0.35 particles/m?® water in Cua Luc bay -
Quang Ninh, 2.522 particles/m? water in To Lich
river — Ha Noi"® to 269693 — 863005 particles/m’
water in downstream areas of Day river."

Quy Nhon is a coastal city with several
advantages to develop tourism activities as well
as maritime activities through Quy Nhon seaport.
Along with such advantages, the coastal areas
of Quy Nhon city have been greatly affected
by the wastes with noticable amount of plastic
waste generated from these activities as well as
from the daily activities of the city's residents.
Therefore, a few projects have been implemented
such as the UN-GEF 2 project operated by the

Quy Nhon City Women's Union in the period of
2020 - 2022 to reduce plastic waste in coastal
communes and wards in Quy Nhon Bay.'¢ For the
successful implementation of such community
project, it is essential to find scientific evidence
to prove when implementing the project. For
that reason, we conducted this study to give the
baseline assessment on the level of microplastic
contamination in the coastal areas of Quy Nhon
city as well as make initial speculation about the
origin of microplastics in the studied areas.

2. STUDY SITES AND METHODS
2.1. Study sites

The study area is Quy Nhon beach and
corresponding coastal waters. Quy Nhon beach
runs along Xuan Dieu and An Duong Vuong
streets, Quy Nhon city, Binh Dinh province. This
is a place for playing and swimming of residents
in Quy Nhon city as well as tourists. According
to statistics in April 2019,' the total population
of Quy Nhon city was 290,053 people, with
a density of 1,013.8 people/km?. The daily
human activities as well as the development of
coastal tourism services, operation of Quy Nhon
seaport, or fishing activities have caused certain
pressures on the coastal environment.

The sites selected to collect water and
sediment samples are along Quy Nhon beach,
including D1 (13.7710°N. 109.2448°E), D2
(13.7671°N.  109.2310°E), D3 (13.7597°N.
109.2219°E) and D4 (13.7465°N. 109.2145°E)
(Figure 1). D1 is located nearby Quy Nhon
seaport and restaurants along Xuan Dieu street.
D2 is also nearby restaurants, in addition of
the regular wastewater drain from the city and
affected from some fishing activities of local
residents. D3 is the site less affected than others,
separated from street by a park. D4 is located
nearby a big hotel and is a place to play and
swim for tourists and local residents. In addition,
D4 is also affected by fishing activities and the
regular wastewater drain from the city.
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Figure 1. Sampling sites

2.2. Methods
2.2.1. Sampling

Sediments and surface waters were collected in
May 2021 at 4 study sites D1, D2, D3 and D4
along the Quy Nhon beach, from the Quy Nhon
seaport to Ghenh Rang (Figure 1). For sediment
samples, we used a tube with the diameter of 6cm
and the height of Scm to collect 5 subsamples
within an area of 100 m?, then combined them
into a homogeneous sample; sediment samples
were collected at the sand layer of Scm from the
surface in the intertidal zone. For water samples,
the plankton net with a diameter of 50 cm and
mesh size of 80 um and a flowmeter were used
to collect and calculate the collected water
volume; a small boat was used to pull the net at
low tide at waters about 50-100 m far from the
shore. At each site, 3 subsamples were collected,
and then mixed into a homogenous sample.
Sediment and water samples were stored in glass
containers and transported to the laboratory for
later analysis.

2.2.2. Sample treatment and analysis

The water samples were treated and analysed
according to the method of Emilie et al."® Firstly,
each sample was filtered using the sieve with

https://doi.org/10.52111/qnjs.2022.16304

mesh size of 1 mm to discharge litters such as
plants, grass but microplastics with size from 1
to 5 mm were taken and put on GF/A filters for
later analysis. After filtered, the water sample
was poured into the glass vessel, then added 1 g
SDS and put in an incubator at temperature of
50 °C for 24 hours. Next, sample was added 1 ml
of Biozym SE and 1 ml of Biozym F and placed
in the incubator at 40 °C for 48 hours. Then,
15 ml H,0,30% was added to the sample put in
the incubator at 40 °C for 48 hours. After being
treated by such chemicals, water sample was
taken out of the incubator and filtered using the
sieve with mesh size of 250 um; the upper part
of the sieve was tranfered into a 20 ml beaker
to perform the overflow process with saturated
NaCl solution. Finally, the overflowed solution
was filtered on 1.6 um GF/A filters to collect
microplastics. These filters were stored in the
clean petri dishes with a lid for later analysis.

Each sediment sample was dried at 55 °C
within 72 hours according to the method of
Quynh Anh et al.,' then mixed for homogeneity
and taken 10g to treat. Next steps were almost
similar to water treatment but only 20 ml H,O,
30% (at 40 °C for 3 hours) was added to the
sample after being filtered using sieve 1 mm to
remove organic matter.
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After above steps, the GF/A (filters
were observed using LAXS software of the
stereomicroscope Leica S9i to record and analyse
microplastics. The microplastics were analysed
with 3 shapes as fragment, fiber and pellet
according to Emilie et al.”® All microplastics on
each filter were taken photo, measured sizes and
determined colours.

As limited equipment to analyze the
nature of microplastics, based on the suggestion
of GESAMP" and Emilie er al.,” we only
examined microplastics with length of 300 -
5000 um and area of 45000 — 25000000 um? to
ensure high reliability.

2.2.3. Data analysis

Microsoft Excel 2013 was used to analyse data
and make the figures. Data analysed included
concentration, size, shape and colour of
microplastics found in waters and sediments.

2.2.4. Microplastic contamination control

To ensure the reliable study results, controlling
microplastic contamination from surrounding
environment is necessary. During the study, we
cleaned the sample analysis and treatment area
using alcohol before working on samples. In
addition, we followed some recommendations of
GESAMP' such as wearing cotton lab clothes
and gloves, rinsing equipment with filtered water
before use, etc. Moreover, during the sample
treatment or analysis process, we used a control
filter for each step to examine microplastic
contamination. These control filters then were
observed under the stereomicroscope Leica
S9i to see whether there is any microplastic
contaminated.

There was only one of 8 control filters
contaminated 1 microplastic during observation
under the stereomicroscope.

3. RESULTS AND DISCUSSION

3.1. Microplastic concentration and shape in
surface waters and sediments

Microplastic concentration in surface waters
varied from 16.37 to 62.86 particles/m’, in

which the lowest was at D3 and highest at D4.
Microplastic concentration in sediments was
from 1700 to 3100 particles/kg dry sediment,
with the highest value at D2 and the lowest value
at D3 (Table 1). It can be seen that microplastic
concentration was different between study
sites and this can be caused by different factors
including human activities. Clearly, D3 is less
affected by such activities than other sites and this
can be the reason explaining why microplastic
concentration here is lower than that at others.
In contrast, D4 is the place affected from lot of
activities such as tourism, fishing and especially
wastewater discharge and these can lead to
the higher microplastic concentration at here
compared to other sites. However, microplastic
concentration in sediments at D4 was not the
highest and this gives a speculation that the daily
wastewater source from city is the main cause
leading to the high concentration of microplastic
in waters at this site. This observation is even
more valid when D2 is also heavily affected
by the city's wastewater as at D4 and showed
the second high concentration of microplastics
among the 4 study sites. Thus, it can be said that
there are different sources causing microplastic
contamination at study area, of which the direct
wastewater source from city is one of major
reasons. This is also recorded by Quynh Anh
et al.'"* when doing the research on microplastic
at Da Nang beach. Besides, other activities such
as restaurant services, hotel services, or fishing,
etc. can be also reasons causing microplastic
contamination at our study area.

The average microplastic concentration
in sediments in this study (at Quy Nhon beach)
is higher than that at Sau and Dau beach —
Vung Tau (with 1542 and 2024 particles/kg dry
sediment respectively)' but lower than that at Da
Nang beach (9238 particles/kg dry sediment).'
Similarly, microplastic concentration in surface
waters in this study is much higher than that at
Cua Luc bay — Quang Ninh (0.35 particles/m?)
but much lower than that at To Lich river — Ha
Noi (2522 particles/m*)"* and at downstream
of Day river (269693 — 863005 particles/m?).'s
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Based on these results, it can be seen that
microplastic contamination level at study areas
in Vietnam is different and this can be caused by
human activities such as industrial development,
tourism, etc. In general, microplastic concentration
at areas much affected by human activities is
higher than that at less affected ones. This was
reported in the research of Rodrigues et al.;’
protected seas have very low microplastic

concentration, and contamination level gradually
increases at urban estuary, submarine wreck and
recreational marina. Therefore, big cities with
lots of tourism, industrial activities, etc often
have high microplastic contamination level. On
the other hand, microplastic concentration in
waters at seas or bays is normally lower than that
at rivers. This is also convinced by results of the
research of Emilie ef al.”®

Table 1. Concentration of microplastic in surface waters and sediments

Study Microplastic Microplastic The typical characteristics of the study sites
sites concentration in concentration in
surface waters sediments (number
(number of of particles/kg dry
particles/m?®) sediment)
D1 19.35 2400 Nearby seaport and restaurants
Nearby restaurants; there is the regular wastewater
D2 22.68 3100 . . . . o
drain from the city; there is some fishing activities
D3 16.37 1700 Less affected by human activities
D4 62.86 2400 Nearby ho'tel; there 'is the regul.ar wast'e\.)v.ater drain
from the city; there is some fishing activities
Average 30.32 2400

The results of this study showed that
there were 2 shapes of microplastics in waters
as well as sediments, that were fragments and
fibers. Generally, the ratio of fibers (varied from
66.67 — 81.67% for waters and 70.59 — 95.83%
for sediments) was more dominant than that of
fragments (Table 2). The average ratio of fibers

of 4 sites accounted for 75.51% for waters and
86.87% for sediments. The dominance of fibers
is also reported in other studies such as the
research of Doan Thi Oanh ef al. (2021) (92.55 —
96.04%),'> Quynh Anh et al. (2020) (99.2%),'* or
Filho and Monteiro (2019) (95%)."

Table 2. The ratio of microplastic shapes in surface waters and sediments

Study Surface waters Sediments
sites
Ratio of fibers (%) | Ratio of fragments (%) Ratio of fibers (%) | Ratio of fragments (%)
D1 66.67 33.33 87.50 12.50
D2 81.67 18.33 93.55 6.45
D3 80.70 19.30 70.59 29.41
D4 73.00 27.00 95.83 4.17
Average 75.51 24.49 86.87 13.13

https://doi.org/10.52111/qnjs.2022.16304
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3.2. Size of microplastics in surface waters

and sediments

The fibers in surface waters at 4 study sites
mostly had the length of from 300 to 2000 pum.
Of which, the length of fibers found at D1, D2
and D4 was mostly from 1000 to 2000 pum

(accounting for 60.94%, 46.94% va 64.74%)
while D3 had 69.57% of bifers having the
length of from 300 to 1000 pm. When data were
pooled from 4 study sites, the ratio of fibers with
length of 1000 - 2000 pm was highest (55.12%),
followed by this of fibers with length of 300 -
1000 um (30.45%) (Figure 2).
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Figure 2. The distribution ratio of fibers in surface waters according to the length

The fragments in surface waters mostly
had the area of 45000 — 200000 pm? with the
ratio of 62.5%, 59.09%, 81.82% and 75% for D1,
D2, D3 and D4, respectively. The pooled ratio of

fragments in this size was also highest (69.77%)
in size classes of microplastics found, followed
by fragments in area of 200000 — 400000 pm?
(18.6%) (Figure 3).
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Unlike in surface waters, although there
was the different size distribution of fibers between
study sites, the length of fibers in sediments was
only predominant in class of 1000 - 2000 pm, with
pooled ratio of 42.35% while other size class had

almost similar ratios (Figure 4). The fragments in
sediments mostly had area in 2 classes of 45000 -
200000 um?* and 200000 - 400000 um?, in which
the smaller class was dominant, with pooled ratio
0f 90.91% (Figure 5).
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In general, fibers in surface waters and
sediments mainly have the length of 300 -
2000 um and fragments mostly have the area
of 45000 - 400000 pm?. Doan Thi Oanh et al."®
also reported that microplastics in waters at
downstream of Day river mostly had the length
of 300 - 2000 um for fibers (accounting for
78.45 - 85.71%) and area of 50000 - 400000 um?
(accounting for 68.72 - 87.50%) for fragments.
Similarly, the dominance in number of small
size-had microplastics was also recorded in
other studies.!"'* Effects of water currents and
ultra violet radiation is one of factors producing
small size-had microplastics.?

3.3. The colours of microplastics in surface
waters and sediments

The colour of microplastic fibers in surface
waters was quite diverse but different between
study sites. Blue, white and black were major
colours at D1, purple, grey and blue were
predominant at D2, purple and blue dominated
at D3 while white and blue were main colours at
D4. When pooled for 4 sites, it can be seen that
blue was most dominant (23.5%), followed by
purple (23.2%) and white (17.44%) (Figure 6).
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Figure 6. The colour distribution of fibers in surface
waters

The color of microplastic fragments
in surface waters was also very diverse and
accounted for different proportions at the study
sites. Specifically, white dominated at D1 and
D4, white and yellow were the dominant colors
at D2 while red and orange were predominant at
D3. White was the most dominant color when
pooled for 4 sites (44.96%), followed by yellow
(14.73%) and blue (12.4%) (Figure 7).
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Figure 7. The colour distribution of fragments in
surface waters

Regarding to colour of microplastics in
sediments, because of very low proportion of
fragments, we only examined fibers’ colour.
Generally, the colour of fibers in sediments was
less diverse than that in surface waters. The
distribution ratio of colours at study sites was not
similar, in which white accounted for the highest
ratio at D1, D2 and D4 while blue dominated at
D3. Pooled for 4 sites, it can be seen that blue
was predominant colour (32.32%), followed by
white (30.19%) and purple (15.47%) (Figure 8).
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Figure 8. The colour distribution of fibers in sediments

In general, white is the dominant colour
of microplastic fibers in surface waters and
sediments, followed by blue and purple.
Similarly, white is also the dominant colour of
fragments, but followed by yellow and blue. Not
similar to our results, purple is the predominant
colour of microplastics in the research of Doan
Thi Oanh et al.,"”’ followed by green and blue;
black and blue are the major colours in the study
of Nuelle et al.;?' or blue dominates, followed by
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white in the study of Quynh Anh et al.'* Thus,
colour of microplastic in studies is different and
this can be governed by different waste sources at
study areas. These sources can be from garments,
plastic fishing gears, packaging materials or from
washing clothes through domestic wastewater.”?

4. CONCLUSION

The microplastic concentration in surface waters
varies from 16.37 to 62.86 particles/m*® and
average of 30.32 particles/m*®. The microplastic
concentration in sediments is from 1700 to 3100
particles/kg dry sediments and average of 2400
particles/kg dry sediments.

The fibers found in this study mostly
have the length of from 300 to 2000 um. The
fragments dominate in range of area from 45000
to 400000 pm?.

Blue, white and purple are the dominant
colours of fibers and white, yellow and blue
dominate for fragments.
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TOM TAT

Viée xay dung cac dic tinh va ciu tric phan tir dong mét vai trd quan trong trong nhiéu linh vuc khac nhau,
nhu khoa hoc vt liéu, cam bién, cong nghé nano, thiét ké va kham pha thubc. Tuy nhién, viéc xdy dung cau tric
phan tir trén mot tap dir liéu tho, tap dit liéu bi nhidu va thiéu thong tin, 1a mot nhiém vu day thach thirc nhung rat
quan trong. Thuat toan phan loai K-Nearest Neighbors (KNN) 1a mét thuat toan lazy learning, cé xu hudng tim
kiém céc diém g?m nhat cho mot muyc tiéu trong toan bd tap huén luyén. Tuy nhién, qua trinh dy doan cuia KNN
kha mét thoi gian. Trong khi thuat toan cdy tim kiém K-Dimension (K-D tree) 1a mét ciy nhi phan da chiéu, c6 cdu
tric luu trit cu thé dé biéu dién dir liéu huan luyén mot cach hiéu qua vé mit thoi gian. Tir cac khia canh trén, trong
bai bao nay, ching t6i da thir nghiém va dé xuat mot phuong phap goi 1a thuat toan cay tim kiém KNN-KD dé xir
ly tap dir lidu thé vé cAu triic phan tir bang cach két hop cac uu diém caa KNN va cay K-D.

Tir khéa: Xdy dung cdu triic phdn tir, hoc may, cdy tim kiém K-Dimension, K-Nearest neighbors.
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ABSTRACT

The construction of molecular properties plays a significant role in various fields, such as material science,

sensors, nanotechnology, drug design, and more. However, the construction of molecular structures on a raw

dataset, which is noisy and incomplete, is a challenging but crucial task. K-Nearest neighbor Classification (KNN)

is a lazy learning classification algorithm with tendency to search the nearest neighbors for a target in the entire

training set. Nevertheless, each step of KNN is quite time-consuming. In comparison, the K-Dimension tree (K-D

tree) algorithm is a multi-dimensional binary tree, a specific storage structure for time-efficiently representing

training data. To that respect, in this journal article, we conduct and propose a method called the KNN-KD tree

algorithm to process a raw labeled dataset of the molecular properties by combining the advantages of the KNN

and K-D tree.

Keywords: Construction of molecular structures, machine learning, K-Dimension tree, K-Nearest neighbors.

1. INTRODUCTION

The construction of molecular structures is one of
the widespread issues where various approaches
are applied using traditional chemistry formulae
or mathematic computations. However, the
datasets collected in experiments are noisy
and incomplete for reconstructing molecular
structures. In this article, a raw chemical dataset
of Chemistry and Mathematics in Phase Space
(CHAMPS)' is used to prove the performance
of the geometric-based approximated machine
learning model, namely the K-Dimension tree
(K-D tree) in the construction of molecular
structures. Significantly, this journal article will
analyze, construct and visualize the molecular

*Corresponding author.
Email: truongcammai@qgnu.edu.vn

https://doi.org/10.52111/qnjs.2022.16305

structures while we only use the XYZ coordinates
of atoms for training the model. Consequently,
this method can reduce the computing time
with comparably high accuracy to rule-based
methods.

1.1. Construction of molecular structures

The construction of molecular structures is
a typical issue in chemistry since it impacts
biomedical engineering, drug discovery, and
vaccine exploration. In the real scenario, much
information on the molecular properties is noisy,
incomplete, and deficient.? As a demand, we
need methods that improve the exploration of the
molecular structures to deal with the shortage of
information.
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Various approaches to constructing the
molecular structures are applied with machine
learning.>* However, the complexity of
constructing the molecular structures increase
significantly once the bonding schema is
involved.” One of the state-of-the-art methods
which achieve high accuracy on the CHAMPS
dataset is a hybrid approach, namely soft graph
transformer by Bosch Corporate Research and
Bosch Center for Al°> This model processes
the entire molecule one by one, simultaneously
predicting each of the scalar couplings in the
molecule. Instead of using a traditional graph
model, their approach processes the data as a
meta-graph where each atom, chemical and non-
chemical bonds, namely just pairs of atoms, are
included in the model, and even triplets or quads
all become nodes for the graph transformer.
Distance measurement between all the nodes in
the graph is necessarily defined to support the
model. For example, atom-to-atom distances use
the actual distance between atoms. In contrast,
atom-to-bond distances use the minimum
distance from the atom to the two atoms in the
bond, with similar extensions for triplets quads.
Some other methods apply the Bidirectional
Encoder Representations from Transformers
(BERT) training to extract only raw coordinates
instead of distance, translational and rotational
invariances, such as MTM¢, Mol-BERT’, BERT
of Xin-Yu et al.®

Most other studies on molecular structures
based on the CHAMP dataset have focused on
predicting the scalar coupling constant without
having a proper way to process and classify
the bond information. Hence, the success rate
of bond reconstruction is not good enough
for further steps. Moreover, the running time
of extracting information from coordinate
files is time-consuming due to the enormous-
size dataset. Also, some approaches applying
multiprocessing may yield incorrect data. For
the above reasons, a high percentage of molecule
structures are not constructed correctly, which
leads to the fact that various models cannot

improve the accuracy in predicting the scalar
coupling constants. Consequently, there is a
need to create an easily customed algorithm to
improve the success rate of the construction of
molecular structures.

1.2. K-Nearest neighbors algorithm

K-Nearest Neighbors (KNN) algorithm is
based on the distance metric function, namely
Euclidean distance, to calculate the distance
between the sample to be classified x and each
sample in the training set, sort the calculated
distance, and select the k training samples
closest to the sample to be classified as the &
nearest neighbors of x. If the sample belonging
to a particular class of the k£ nearest neighbors
is the majority, the representative classification
sample x is classified into the category.’

1.3. K-D tree algorithm

K-Dimension tree (K-D tree) is a binary
tree structure that recursively partitions the
parameter space along the data axes, splitting it
into nested orthotropic regions into which data
points are filed."” K-D tree is a particular case
of binary space partition trees. In detail, it is a
space partitioning data structure for organizing
points in a K-Dimensional space. A non-leaf
node in the K-D tree divides the space into two
parts, called half-spaces. Each subspace can be
recursively divided in the same way. The left
subtree of that node represents points to the left
of this space, and the right subtree represents
points to the right of the space. Constructing a
K-D tree on a K-Dimension dataset represents a
partition of the K-Dimensional space formed by
the K-Dimensional dataset.

K-D trees are helpful in range searches
and nearest neighbor searches. They are the
most powerful data structures for small and
moderate numbers of dimensions up to 20
dimensions." In general, structures of the K-D
tree attempt to reduce the required number of
distance calculations by efficiently encoding
aggregate distance information for the sample.
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The construction of a K-D tree is speedy since
partitioning is conducted only along the data
axes. Once built, the nearest neighbor of a query
point can be determined with only distance
computation. Nevertheless, the K-D tree method
is high-speed for low-dimensional neighbor
searches. It becomes ineffective as it grows
tremendous. The primary reason is that the ratio
of the volume of a unit sphere in K-dimensions
falls exponentially compared to a unit cube in
K-dimensions. Thus at an exponential rate, many
cells have to be searched within a particular
radius of a query point, say for a nearest-neighbor
search. Additionally, the number of neighbors
for any cell grows up and eventually becomes
insurmountable.'?

1.4. Improved neighbor search algorithm
using a K-D tree to find multiple k nearest
neighbors (KNN-KD tree)

However, the nearest neighbor searching
algorithm applied with the original K-D tree can
only find one nearest neighbor. Consequently, it
is necessary to adapt the original algorithm to be
more efficient for searching the molecular data
called KNN applied with the K-D tree (KNN-
KD tree).”*!* It can discover multiple K-nearest
neighbors of a given query point instead of just
finding one nearest neighbor. A bounded priority
queue that stores the list of K-nearest neighbors
together with their distances to the query point
is applied in the adapted algorithm. The higher
the priority value of the point is, the longer
the distance from that point to the query point
becomes. A fixed upper bound of the bounded
priority queue must be defined, which is the
number of nearest neighbors. The bound is used
to prune tree searches, so if a series of K-nearest
neighbor queries are required, it may help supply
the distance to the nearest neighbor of the most
recent point. Whenever a new point is added to
the queue, if the queue is at capacity, the point
with the longest distance to the query point is
ejected from the queue.'

https://doi.org/10.52111/qnjs.2022.16305

A B C D E
priority 0.1 025 133 32 46
(a)
A B F C D
priority 0.1 025 0.4 133 3.2

)
Figure 1. Bounded priority queue for KNN

For example, Figure 1a shows the nearest
neighbor priority queue with the upper-bounded
size of five and holds five points, from A to E.
Suppose that the next nearest neighbor point to
be inserted into the priority queue is the point F
with the priority of 0.4. Because the maximum
size of the priority queue is five, point F is
inserted into the priority queue. However, point
E with the longest distance to the query point q is
eliminated. Figure 1b shows the resulting priority
queue after point F is inserted. On the other
hand, suppose that the next nearest neighbor to
be inserted into the priority queue is point G with
a distance of 3.5. Because the distance value of
G is greater than the maximum priority element
in the queue, G is not inserted into the queue.

In conclusion, there are two improvements
in the KNN-KD tree algorithm from the
traditional K-D tree to improve search
efficiency. The first improvement is that when
determining whether to look on the opposite side
of the splitting hyperplane, the algorithm applies
the distance from the point with the longest
distance in the nearest neighbor priority queue
as the radius of the candidate hypersphere.'® The
second improvement is that it reduces the time
complexity from O(n) to O(n""*+m)."?

2. DATASET AND RESEARCH METHOD
2.1. Dataset

Because the training and test splits are by
molecule, no molecule in the training data will
be found in the test data. The dataset contains
these files as follows.

o train.csv The training dataset contained
4,658,147 scalar coupling observations of 85,003
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unique molecules. The first column (molecule
name) is the molecule's name where the coupling
constant originates. The second (atom_index 0)
and the third column (atom _index 1) are the
atom indices of the atom pair, creating the
coupling. The fourth column (scalar _coupling
constant) is the scalar coupling constant needed
for predicting. All of the molecules contained
five types of atoms: carbon (C), hydrogen (H),
nitrogen (N), fluorine (F), and oxygen (O). There
were eight distinct types of scalar coupling,
including 1JHC, 1JHN, 2JHH, 2JHC, 2JHN,
3JHH, 3JHC, and 3JHH, which means that the
fluorine coupling is not presented in the dataset.

o test.csv The test set has the same
information as the train set but without the target
variable, namely the scalar coupling constant.
Because scalar coupling constant contains
information about relative bond distances and
angles, which are informative in determining the
connectivity between atoms in a molecule, scalar
coupling constant is not available in the test
dataset to evaluate whether the model is robust
to it."® The test dataset contained 2,505,542
scalar coupling observations of 45,772 unique
molecules.

o structures.csv contains the molecular
structure XYZ information, where the first
column (molecule name) is the molecule's name,
followed by the index of the atom (atom_index).
The following column (atom) contains the atomic
element symbols such as H for hydrogen, C for
carbon, N for Nitrogen. The remaining columns
include the X, Y, and Z cartesian coordinates.

o dipole_ moments.csv contains the
molecular electric dipole moments. These are
three-dimensional vectors that indicate the
charge distribution in the molecule. The first
column (molecule name) are molecule’s names;
the second to the fourth column is the XYZ
components of the dipole moment.

emagnetic_shielding_tensors.csv contains
the magnetic shielding tensors for atoms in the
molecules. The first column (molecule name) is

the molecule name, the second column (atom
index) is the index of the atom in a molecule, the
third to eleventh columns comprise the XX, YX,
7ZX, XY, YY, 2Y, XZ, YZ, and ZZ elements of
the tensor/matrix respectively.

o scalar_coupling contributions.csv The
scalar coupling constants in the train set (or
corresponding files) are a sum of four terms.
scalar coupling contributions.csv contains all
these terms. The first column (molecule name)
is the name of the molecule. The second (atom
index 0) and third column (atom_index 1) are
the atom indices of the atom pair. The fourth
column shows the type of coupling. The fifth
column (fc) is the Fermi Contact contribution.
The sixth column (sd) is the Spin-dipolar
contribution. The seventh column (pso) is the
Paramagnetic spin-orbit contribution. Finally,
the eighth column (dso) is the Diamagnetic spin-
orbit contribution.

2.2. Proposed method

This journal article proposes to apply the
K-Nearest Neighbour with the K-D tree (KNN-
KD tree) algorithm to solve the construction of
molecular structures, where the knowledge of
geometry and pattern matching is utilized.

Our KNN-KD tree algorithm is split into
four main steps to reconstruct the molecular
structures based on the bonding schema. Every
molecule is selected and restored by four steps
where the XYZ cartesian coordinate of atoms
structure is applied in the K-D tree. Our method
solves the three kinds of coupling types.

In general, the bond length between the
two atoms is approximately the sum of the
covalent radii of the two atoms. Consequently,
in the bonding reconstruction algorithm, the
valence radii of the chemical elements are pre-
defined and applied. The covalent radius is the
distance from the center of the nucleus to the
outermost shell of the electron, and its value may
be derived from experimental measurements or
calculated by theoretical models.® However,
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these relationships are certainly not accurate
due to the inconstant size of an atom but depend
on its chemical environment."” For example, in
the heteroatomic A-B bonds, ionic terms may
enter.’ Furthermore, the differential value of
single, double, and triple bonds are too small to
distinguish based on the distance values derived
from the XYZ cartesian coordinate of atoms in
the dataset. Consequently, in our algorithm, only
the single bond covalent radius is manipulated to
create the general bonding schema.

2.2.1. Single bond connect reconstruction

To successfully reconstruct the total bonding
system, firstly, the overall molecular bonding
structure must be created. The background of
single bond connect reconstruction is based
on the bond length comparison. In detail, each
time, a pair of XYZ cartesian coordinates of two
atoms in a specific molecule is put into the K-D
tree structure in the three-dimensional geometry.
To be more easily understandable, a random
molecule, dsgdb9nsd 000007, is analyzed.

Table 1. The XYZ cartesian coordinate of the
molecule dsgdb9nsd 000007

index | atom X y z
0 C -0.0187 1.5256 0.0104
1 C 0.0021 -0.0039 | 0.0019
2 H 0.9949 1.9397 0.0029
3 H -0.5421 1.9236 | -0.8651
4 H -0.5252 1.9142 0.9000
5 H 0.5255 -0.4019 | 0.8775
6 H -1.0115 -0.418 0.0095
7 H 0.5086 -0.3924 | -0.8876

Table 1 shows that the molecule
dsgdb9nsd 000007 has eight atoms inside, which
is two carbon atom and six hydrogen atoms. With
the XYZ cartesian coordinate, it is easy to outline
the position of every atom inside the molecule in
the three-dimensional geometry, as illustrated in

https://doi.org/10.52111/qnjs.2022.16305

Figure 2. Still, there is no connection between
these atoms in the dataset, namely the bonding
schema. The approach is to search for all possible
connections to create single chemical bondings
from an atom to others. Since the valence of
each atom is not provided, the standard valence
is used as the default value. Also, any atom
with zero available bonding is rejected. With
the molecule dsgdb9nsd 000007, the algorithm
starts with the first atom of hydrogen because the
processing order beginning with the hydrogen
avoids a butadiene-like molecule.

Based on the K-D tree query, the nearest
atom is chosen by distance. At first, the K-D
tree finds the nearest atom to a selected atom.
For the spatiotemporal interpolation for the
dsgdb9nsd 000007 data, a three-dimensional
K-D tree has been constructed to find the
K-nearest neighbors. Figure 3 illustrates the
K-D tree built from eight atomic points of
dsgdb9nsd 000007 data alongside its index.
Atom C at i=] is the root point because it is the
median point on the x-axis and splits the atomic
points dataset into two groups. The first left
branch group with points whose x-axis values are
less than or equal to the atomic root point Xepr
While the other right branch group with points
o The split
at the atomic root point is visualized in Figure 4.

whose x-axis value is greater than x

The red line is the splitting line according to the

X-axis.
dsgdb9nsd_000007
M4

0.75
050
025

151 - ag 101
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Figure 2. Eightatoms ofthe molecule dsgdb9nsd_000007
in the XYZ cartesian coordinate system.
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(-1.01, (-0.53, (0.5, -0.4, "( 119, 0.003)

-0.42,0.01) || 1.91, 0.9) 0.88)

\H[3]
[ (-0.54,1.92,-0.86) |

Figure 3. Visualization of the K-D tree structure
constructed from 8 atomic points. Each square
contains the XYZ cartesian coordinate with its
atom[index].

Then, to continue building the K-D tree
for the molecule dsgdb9nsd 000007, recursively
build the K-D tree in the right and the left half-
space in Figure 4 by splitting at the atomic
point hydrogen (i=7) of the right half-space
and hydrogen (i=4) of the left half-space. The
reason is that both mentioned atomic points are
the median point according to the y-axis, and
splitting remained atomic data point horizontally
through it. Continuing partition recursively to
completion will result in the entirely constructed
K-D tree, as illustrated in Figure 5. The blue line
is the splitting line according to the y-axis, while
the green line is the splitting line according to
the z-axis.

From the entirely constructed K-D tree,
the K-D tree query has been implemented to
get the array list of ordered atoms index relying
on the distance from the selected atom point.
Since the ordered atoms list of the molecule
dsgdb9nsd 000007 is: [‘H’, ‘H’, ‘H’, ‘H’, ‘H’,
‘H’, ‘C’, ‘C’], we start with the atom H at i=2.
For each atom, the K-D tree query returns the
nearest neighbor according to the distance. Based
on the entirely constructed K-D tree structure in
Figure 5, the atom C at i=/ (C[1]) as the root
is taken as an example. Atom C[1] becomes the
query point in the K-D tree structure. The C[1]
query point continually traverses all nodes inside
its branch then creates its sphere where the radius

is the distance from C[1] to the current nearest
node. Next, we check whether the sphere crosses
any coordinate axis, backtrack to the intersected
branch, and measure the distance to find the more
current nearest node. We repeatedly measure,
create the new sphere, and check the intersected
area until the nearest node is found. In this case
of C[1], the atom hydrogen with i=6 (H[6])
becomes the nearest neighbor, which is shown
in Figure 6. The distance from C[1] to H[6] is
1.09495347.

dsgdb9nsd_000007
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Figure 4. Visualization of splitting the atomic points

into two groups according to the x-axis at atom C
(i=1).

After finding out H[6] as the nearest node
of C[1], if there is no bond yet between those
two atoms and the connection between them
certainly exists once, the algorithm continues to
compare the calculated distance between them to
the predicted bonding distance. In addition, the
number of nearest nodes taken into consideration
is based on the valence of the element. If the
valence value is larger than the number of atoms
in a specific molecule, the maximum number
of atoms is used. For example, the valence of C
1s 4, and then the four nearest nodes are taken to
measure the distance.
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Figure 5. An entirely constructed K-D tree applies to
the molecule dsgdb9nsd 000007
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Figure 6. The nearest neighbor of atom C (i=1) is the
atom H (i=6) with the dist=1.09495347.

The predicted bonding distance between
them is measured as the sum of the bond length
of each atom. In this case, only atoms with the
measured distance in the 20% expected distance
or closer are kept. Then, we check whether
both atoms have remaining valence or not and
continue decreasing the remaining valence and
creating a new bond. If any of them has zero
remaining valences, we mark both atoms as
leaves. The function continues running until
all nodes are marked as leaves. In the end, the
molecule dsgdb9nsd 000007 is constructed
as in Figure 7. Based on the fully bonding

https://doi.org/10.52111/qnjs.2022.16305

reconstructed structure of dsgdb9nsd 000007, it
is relatively easy to figure out that the chemical
formula is Ethane (C,H,), all connected by single
bonds.

dsgdb9nsd_000007
X
<100 075 050 -025 000 025 050 075 100

@

Figure7. Fullybondingreconstructed dsgdb9nsd 000007
molecule

2.2.2. n-bond connect greedy reconstruction

After successfully reconstructing the single
bonding, the next step is rebuilding n-bond
connections. Even though there is a calculated
table of bond length for the double bond and
triple bond, the accuracy and the consistency of
the bonding connection are low. For example, the
C atom has various variations in CC bond lengths
that can be reasonably explained on the basis of
hybridization being the primary factor. When
atoms with lone pairs are involved, it appears
necessary to introduce electron delocalization
effects.?! As a consequence, the bond length and
bond angles do not provide a reliable measure of
carbon hybridization. Any atom whose valence
is greater than 1 can potentially share two or
three pairs of electrons with another atom. The
n-bond connect reconstruction is applied for
any molecule having any remaining available
valence, which is not yet connected to other
atoms. The molecule dsgdb9nsd 000005 is
a typical example for this case because after
applying the single bond connect reconstruction,
its total remaining available valence is 4. The
structure data of molecule dsgdb9nsd 000005
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are listed in Table 2. Both atom C and atom
N have two remaining unconnected bonds.
Especially, atom C is marked as a leaf due to its
connection to atom H, which has zero valence.

The idea of solving the n-bond connection
is to link the atoms by electron pair bonds
until each atom has a full octet based on the
Lewis structure for compounds. While there
are remaining atoms marked as leaves with
available valence, the algorithm will add as
many bonds as possible between atoms having
any available valence. Every atom is taken into
consideration one by one. Until any of them has
remaining valences, the algorithm will mark
both atoms as leaves. The greedy algorithm is
also applied to make a locally optimal choice at
each stage. If any atoms still have a remaining
available valence, the algorithm will check each
key according to these bonding keys. Then,
the bond will be added to as many as possible
between a pair of atoms that have an available
valence. With the greedy algorithm, it is possible
to entirely reconstruct the double bond and triple
bond of molecules.

Table 2. The XYZ cartesian coordinate of the
molecule dsgdb9nsd 000005

index | atom X y z
0 C -0.0133 1.1324 0.0082
1 N 0.0023 -0.0191 0.0019
2 H -0.0278 2.1989 0.0141

To better understand how the implemented
algorithm works, there is a visualization
of the bonding schema of the molecule
dsgdb9nsd _000005. As can be seen from Figure 8,
the bonding between atom C at i=0 (C[0]) and
atom H at ;=2 (H[2]) is colored black, which
means the single bond. Since the H[2] is marked
as a leaf, so does the C[0]. Next, the algorithm
solves for the bonding between C[0] and atom
nitrogen at i=/ (N[1]). After running the n-bond
connect greedy reconstruction, the triple bond
between C[0] and N[1] is constructed as the red
line. All atoms in the molecule have no available

valence left. Hence, the double bond and triple
bond reconstruction algorithm is assumptively
successful.

dsgdb&)nsd_DBDDDS CHN

43{125 43]020 <U.IU15 <UIU1D {llﬂﬂb OUlUU
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ODDE
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0012

0014

Figure 8. Fully bonding reconstructed dsgdb9nsd_000005
molecule. The black line presents a single bond, and the

red line presents the triple bond

2.2.3. lonized radical search

After successful n-bond reconstruction, there
are still many molecules without the completed
bonding structure due to the ionization. The
possible ionized groups which can be formed
from H, C, N, F, and O in the dataset are
Carboxyle (COO’) and Ammoniumyl (NH,").
The idea of searching ionic bonds is initially to
look for covalent bonds with remaining valence
on some atoms where these covalent bonds are
processed n-bond connection. For example,
to find the ionic group NH,", it is necessary to
search for the disconnected NH,. However, for
the ionic group COO-, we need to find the CO
group with one available bond connected to an
O atom.

Tobetterunderstandtheradicalionicsearch
algorithm, the molecule dsgdb9nsd 000271 is
taken into consideration because it has both ionic
group COO" and NH," in its structure. After pre-
processing, the molecule dsgdb9nsd 000271 is
identified as Alanine with the chemical formula
C,H.NO,. After processing with the ionic radial
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search algorithm, the structural result of the
molecule dsgdb9nsd 000271 is visualized in
Figure 9.
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Figure 9. Fully bonding reconstructed dsgdb9nsd 000271
(C,H,NO,) molecule. The black line presents the
single bond, the green line presents the double bond,

and the red line presents the triple bond
2.2.4. Ring search

Besides reconstructing the bonding schema,
the ring of atoms inside a particular molecule
should be considered. The reason for identifying
the chemical ring is to easily distinguish the
correct chemical formula of a specific molecule.
For instance, the molecule dsgdbh9nsd 000017
is one of the remarkable molecules containing
a ring inside itself. The reason this molecule is
more specific than the other is that the chemical
formula formed from its atoms can be three
different compounds.

Table 3. The XYZ cartesian coordinate of the
molecule dsgdb9nsd 000017

index | atom X y z
0 C 0.0153 1.4176 0.009
1 C 1.2648 0.6492 | -0.0066
2 0) -0.0002 | -0.0077 0.002
3 H -0.3176 1.8859 0.9348
4 H -0.3353 1.8958 | -0.9039
5 H 1.8324 0.5626 | -0.9319
6 H 1.8501 0.5527 0.9068

https://doi.org/10.52111/qnjs.2022.16305

The approach of the algorithm to identify
the ring of a particular molecule and its order is
to apply the network graph to search for a cycle
graph. The minimum cycle basic algorithm
supports this approach since searching for the
chemical ring is equivalent to finding the minimal
cycle basic in a graph where the graph is the
bonding structure. It is a cycle basic for which
the total weight, in other words, the length for an
unweighted graph, of all the cycles is minimum.
The graph is split into connected subgraphs. The
idea behind the minimum cycle basic algorithm
is to use an all-pairs shortest paths (APSP)
algorithm as a subroutine. Then, Dijkstra’s
algorithm is used for APSP computation. In other
words, the graph of the bonding structure will be
analyzed to find the shortest ring in a molecule.

dsgdb9nsd 000017 C3H,0
x

Hiel 2%

Figure 10. Fullybondingreconstructed dsgdb9nsd 000017
molecule (C,H,0). The ring is between C, O, and C

3. RESULTS AND DISCUSSION
3.1. Results

After we apply the KNN-KD tree algorithm in
the construction of molecular structures, we get
45772 unique molecules built from the test set
and 85003 unique molecules built from the train
set. After constructing the bonding type, there
are 17 bonding types.
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The number of built molecules is equal to
the initial number of molecules in the dataset,
which means it is likely that there is no failure
in the reconstruction algorithm. However, there
is a high possibility that some molecules are
not correctly handled according to the order of
atoms or the bonding types. That is why there
should be a proper evaluation to determine
the success rate of the bonds reconstruction
algorithm.

To evaluate the success rate of our KNN-
KD tree algorithm, we propose to compare
the output results to the result computed by
OpenBabel, which is a chemical toolbox
designed to search, analyze, convert, or store
data from molecule modeling, chemistry, solid-
state materials, biochemistry, or related areas.?
Besides that, we conduct another baseline to test
the accuracy of the KNN-KD tree algorithm.
The second evaluation is to calculate the bond
type consistency based on the distribution of
bond length.

3.1.1. Evaluate by pairwise comparison versus
OpenBabel

The pairwise comparison is applied to evaluate
the calculated bonding type related to the
bonding distance between two atoms and
whether they are significantly different from one
another. A pairwise-comparison trial included a
pair of scalar coupling with its bonding type and
the bonding distance between atoms. We derive
results from the OpenBabel toolbox with the
CHAMPS dataset and compare them with results
computed by our KNN-KD tree algorithm. Any
pair having a different bond type or a significant
difference in the distance value between two
atoms is set as an error, which is considered to
be larger than 0.01.

Table 4 shows that there are 31927 scalar
coupling observations of 2064 unique molecules
marked as the error, which accounts for 2.4%
of total processed molecules in the train set. At
the same time, there are 17692 scalar coupling
observations of 1150 unique molecules flagged
as the error, which occupies around 2.5% of total
processed molecules in the test set.

Table 4. The comparison table between our method
and OpenBabel

Dataset Test set | Train set
Unique molecule 45772 85003
Inconsistent unique 1150 2064
molecule
Unconsistency percentage 2.5% 2.4%

3.1.2. Evaluate by bond type -consistency

distribution

Each bonding pair is grouped by its different
bonding valence for both the train and test
datasets. So, it is more understandable to
analyze the distribution of bonding types over
the distance between atoms. The computation of
bond type consistency based on the bond length
is applied. Each bonding pair is grouped by its
different bonding valence for both the train and
test datasets. So, it is more understandable to
analyze the distribution of bonding types over
the distance between atoms.

As can be seen from Figure 14, the
train and test set match well for the relative
distribution of bond length. The train and test
should be the same for the prediction of the
scalar coupling constant. The number of bonds
also builds the distributions, which peak at a
different bond distance. This is consistent with
the expected behavior that the more bonds, the
further distance between two atoms.
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Table 5. The successful rate of bond reconstruction

according to coupling types

The distribution of the 1.0 CC, 2.0 CC,
and 3.0 CC is a perfect example of very well

D Coupling | Running | Successful separated distributions. Adding the COO-
ataset . L . .
type time rate handling improved a lot of things by separating
1JHC 111s 100.009 . . . . .
% the previous 1.0 CO bimodal distribution into
1JHN 141s 100.00%
STHC 241s 99.98% two well-defined peaks, one for 1.5 CO and
. 2JHH 336s 100.00% the second for 1.0 CO. Consequently, some
Train set o . . . . .
2JHN 379s 99.88% other bimodal distributions like 1.0 CN, which
3JHC 491s 99.97% .
decreased in 6.5% of bonds, can be expected to
3JHH 600s 99.96% 3 P
3JHN 6555 99.94% be resolved the same way if needed. Based on
1JHC 702s 100.00% the calculated distribution, the running time of
0, . . .
1JHN 717s 100.00% the implemented algorithm, together with the
2JHC 768s 99.99% ¢ be derived in Table 5
success rate, can be derived in Table 5.
Test set 2JHH 817s 100.00% ’
2JHN 839s 99.90%
3JHC 896s 99.98%
3JHH 951s 99.96%
3JHN 980s 99.96%
CC in 30.1% of train, 30.0% of test CF in 0.1% of train, 0.1% of test CH in 44.7% of train, 44.6% of test
1.0CC train 27.32% 1.0CF train 0.12% 102 1.0CH train 44.06%
2 1.0CC test 27.21% 1.0CF test 0.12% 1.0CH test 43.92%
10 2.0CC train 1.56%
2.0CC test 1.56%
3.0CC train 0.78% 10'
3.0CCtest 0.77% .
10
10’ :
1
|
|
10° 10° 10°
12 13 1.4 15 16 1.7 18 1.30 1.32 1.34 1.36 1.06 1.08 110 112 1.14
L2dist [A] L2dist [A] L2dist [A]
CN in 9.1% of train, 9.2% of test CO in 10.4% of train, 10.4% of test HN in 2.7% of train, 2.8% of test
1.0CN train 6.49% 1.0CO train 8.02% 1.0HN train 2.60%
1.0CN test 6.58% 1.0CO test 8.01% 1.0HN test 2.69%
2 2.0CN frain 1.48% 1.5CO train 0.00%
10 2.0CN test 1.52% 1.5CO test 0.01%
3.0CN train 0.71% i 2.0CO train 2.16%
3.0CN test 0.68% 10 2.0CO test 2.18% 10'
10'
10° 10° 0
12 1.4 16 18 13 1.4 1.5 16 1.000 1025 1050 1075 1100 1125
Lodist [A] L2dist [A] L2dist [A]
HO in 2.1% of train, 2.1% of test NN in 0.4% of train, 0.4% of test NO in 0.3% of train, 0.3% of test
1.0HO train 2.06% 10° 1.0NO train 0.26%
100 1.0HO test 2.05% 1.0NO test 0.26%
. a 2.0NO train 0.00%
10 || 2.0NO test 0.00%
|
! | 10'
10 lm [
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2.0NN train 0.09%
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Figure 11. The diagram of bond length by atom pair and number of bonds. The line illustrates the distribution of

each bond type in the train/test set
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3.2. Discussion

Our results can be improved by applying other
systems. The initial algorithm calculates the
distance between atoms based on the XYZ
cartesian system. However, according to some
research, this representation is not stable. Each
coupling pair is located at a different point in
space, and two similar coupling sets would
have significantly different XYZ positions. So,
instead of using coordinates, another system is
considered. In this system, initially, each pair
of atoms is taken as two first core atoms. The
distance of the center between each pair needs
to be calculated. Then, all n-nearest atoms to
the center, which exclude the first two atoms,
are required. Any two closest atoms become
the third and the fourth core atoms. Finally, the
distances from four core atoms to the rest of the
atoms and to the core atoms are calculated as
well. By using this representation, each atom's
position can be described by four distances from
the core atoms. This representation is not only
stable for rotation and transition but also suitable
for pattern-matching. So, by taking a sequence
of atoms together with describing each by four
distances and atom type and looking up for the
same pattern, we can find similar configurations
and detect the scalar coupling constant.

4. CONCLUSION

This research of analyzing and visualizing the
molecular properties based on the KNN-KD tree
algorithm has confirmed that our method can
successfully construct the structure of molecules
with a comparable result to rule-based methods.
The findings also revealed that taking some
additional datasets into account can improve
the success rate of constructing the molecular
structures, such as dipole interactions, magnetic
shielding, and potential energy, Mulliken
charges.”2* With the benchmark studies, the
advantages and disadvantages of some data
structures, which are also used for distance
calculation, are presented. With our KNN-KD
tree algorithm in the construction of molecular
structures, utilizing models to predict the scalar

coupling constants has become much more
straightforward and correct. These facts motivate
us to conduct and investigate the relationship
between atoms in a particular molecule in the
future further.

In conclusion, this research makes
the following contributions: 1) proposing
a geometric-based approximated machine
learning model, namely the KNN-KD tree in
the construction of molecular structures only
with XYZ coordinates of atoms for training
the model. Unlike other data structures for
distance calculation, our method reduces the
pre-processing time, single query time and
computational resources in various essential
chemistry fields such as biomedical engineering,
drug discovery, and vaccine exploration. 2)
visualizing the molecular structure based on the
bonding schema, which was built by our KNN-
KD tree algorithm, to give a better understanding
and representational figures. 3) leveraging
the force field method in molecular modeling
because it can be extended to estimate the forces
and potential energy of a system of atoms.

Our future works concern a more in-depth
analysis of particular mechanisms and new
proposals to try different methods. Although the
results of the proposed algorithm are reasonable,
there is still room for improvement. There are
some features and some additional datasets
that are not accounted for that likely have a
significant effect on each different bonding type.
The algorithm may take dipole interactions,
magnetic shielding, potential energy, and
Mulliken charges into account to improve the
accuracy.
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TOM TAT

Trong nhitng nim gan déy, su hiéu biét vé cac qua trinh trén bé mat vat liéu 1a chi dé quan tim ddi véi cac
nha khoa hoc. Giai doan hap phu quan trong dbi v6i nhitng nhin nhan xa hon vé cac tuong tac bé mit va cac phan
(g quang xiic tac. Trong nghién ctru nay chiing t6i sir dung cac tinh toan ly thuyét phiém ham mat d¢ dé khao sat
su hap phu sulfamethoxazole (SMX) trén bé mit rutile TiO, (001) (r-TiO,). Céc két qua chi ra rang qué trinh SMX
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ABSTRACT

In recent years, the understanding of processes on material surfaces has drawn considerable interest from

scientists. The adsorption stage is important for further insights into surface interactions and photocatalytic reactions.

In this study, we use density functional theory computations to investigate the adsorption of sulfamethoxazole
(SMX) molecules on the rutile-TiO, (001) surface (r-TiO,). Results show that the process of SMX adsorbed on
1-TiO, is quite strong with an adsorption energy of -51 kcal.mol"' obtained at vdW-DF2 functional. The adsorption

configurations are stabilized mainly by electrostatic interactions between >S=0 group and Ti,, sites. Besides, the

C/N-H---O, hydrogen bonds are evaluated as an important addition in stabilizing complexes. The AIM and charge

density transfer analyses confirm the existence and role of surface interactions in the adsorption process.

Keywords: Sulfamethoxazole, rutile-TiOz (001), DFT, vdW functional.

1. INTRODUCTION

Photocatalysts have recently emerged as
attractive interests and are widely applied
in energy, environmental, and health fields
because of their significant properties.
Semiconductor materials were evaluated as an
efficient approach in advanced photocatalytic
processes.' It is noticeable that TiO, is one of
the potential candidates and is commonly used
for photocatalysis.” Besides, the rutile-TiO,
(001) found considerably upon the rutile phase
formation is regarded as a highly reactive,

photocatalytic facet.*> However, this facet has

* Corresponding author.

Email: nguyenngoctri@gnu.edu.vn

https://doi.org/10.52111/qnjs.2022.16306

not been wholly investigated about reactions or

interactions on its surface before.

In addition, sulfamethoxazole (SMX)
is a wide-board antibiotic and widely used for
bacterial infections. The existence of their
residues in aquatic environments significantly
affects to life and growth of organisms.®” The
removal of polluted compounds is thus paid
more attention by scientists. In previous reports,
materials based on TiO, were investigated to
remove various organic pollutants, especially
for antibiotics.*!" Further, adsorption is critical

in complex processes on material surfaces,
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including photocatalysis, sensing, and storage.
Understanding of surface interactions plays an
essential role in evaluating the adsorption ability

and reaction mechanism.'?

Recently, computational  chemistry
methods have been applied for evaluating and
understanding surface phenomena.!* Using
quantum chemical calculations clarified the
intermolecular interactions between molecules
and material surfaces such as TiO,.'"*"
Significantly, including van der Waals forces
in computations provided a better evaluation
of the adsorption ability of molecules on
material surfaces.'® However, the origin and
role of surface interactions between compounds
containing >S=0O functional groups such
as sulfamethoxazole (SMX) with material
surfaces, such as rutile-TiO, (001) facet
(r-TiO,), have not been examined entirely yet.
Hence, in this work, we use quantum chemical
computations to investigate the adsorption of
SMX on r-TiO, to gain insights into the surface

interactions.
2. COMPUTATIONAL DETAILS

The SMX molecule, r-TiO, structures, and
adsorption configurations are optimized using
density functional theory (DFT). The vdW-DF2
functional isused to include van der Waals forces
in calculations.!” The kinetic cut-off energy is
set up at 500 eV with a 107 eV convergence
index. The Brillouin zone is sampled at the
Gamma center with the k-point mesh of 2 x 2 x 1.
The model slab(a=b=18.38 A, ¢ =30.00 A) is
designed with a vacuum space of 15 A to ignore
boundary interactions. The adsorption energy
(E,) is calculated by expression:

E,=E.—E,~E

Where E_, E, E; are energy values of
optimized structures for complexes, SMX
molecule, and r-TiO,, respectively. Besides,
the interaction and deformation energies are
computed as follows:

E1 - Ec o EM*i Es*; EDM: EM*i EM; EDS: Es*f Es‘

Here, E, is the interaction energy. E | and
E  are deformation energy values for molecule
and surface. E " and E;" are the single-point
energy values of isolated SMX and r-TiO, in the
optimized complexes. These calculations are
performed by the VASP program.'® Besides, the
characteristics such as molecular electrostatic
potential (MEP) map, deprotonation enthalpy
(DPE), and proton affinity (PA) at sites of
SMX molecule are considered at the B3LYP/6-
31G(d,p) level of theory and carried out by
the Gaussian 09 program.' The existence and
strength of surface interactions are determined
by the atoms-in-molecules (AIM) theory
and charge density transfers at the B3LYP/6-
31G(d,p) level.*® Moreover, the hydrogen bond
energy (E, ) is computed from electron density
potential (V(r)) through AIM analysis and
followed by the expression: E_, = 0.5 V(r).”

3. RESULTS AND DISCUSSION
3.1. Optimized structures

Performing the optimization of the geometrical
structures, we obtain four stable adsorption
configurations denoted by S1, S2, S3, and S4,
as shown in Figure 1.
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Figure 1. The stable configurations of adsorption of SMZ on r-TiO, (distances in A)

The intermolecular distances of Tig---O,
H.--O, contacts are in the ranges of 2.065 - 2.315 A,
1.680 - 2.697 A, respectively. These values are
smaller than the total of van der Waals radii of
atoms involved in interactions. The bonding
angels between C/N-H--O, and S-O--Ti
contacts range of 129.75 - 168.23° and 131.11 -
168.26°, respectively. The bond length changes in
forming intermolecular interactions for C/N-H,
S-O are also examined. Accordingly, the bond
elongations of 0.011 - 0.037 A, 0.033 - 0.049 A,
and 0.001 - 0.004 A are found for S-O, N-H, and
C-H bonds. Besides, the adhesion of SMX onto
r-TiO, is arranged horizontally. The electrostatic
interactions appear at the high negative/
positive charge density sites of >S=0 and Tig;
in configurations similar to recent reports.?
These results are consistent with the formation
of geometrical structures of other molecules
adsorbed on TiO, surfaces.'*'*** Consequently,
the stability of adsorption configurations depends
on the Ti -0, H---O, interactions in a horizontal
arrangement of SMX on r-TiO,.

3.2. Energy aspects
The adsorption, interaction, and deformation

energies for the stable configurations and

https://doi.org/10.52111/qn;js.2022.16306

monomers are observed at vdW-DF2 functional
as gathered in Table 1.

Table 1. The energy aspects of the adsorption
configurations (in kJ.mol™")

EA El EDS EDM
St -1673 2150 299 17.9
S2 -1904 2376 257 215
S3  -1877 2208 139 19.2

S4 -214.4 -247.5 22.7 10.4

The calculated results imply that the E_,

E., values are in the range of -167.3 to -214. 4
-215.0 to -247.5 kl.mol!, respectively, and
decrease similarly in the order of S1 > S3 > S2
> S4. Therefore, S4 is the most stable complex,
and S1 is the less stable one. It is noted that S4
is stabilized by two Ti O interactions and
C-H---O, hydrogen bonds while the stability of
S1 is contributed significantly by two Tig---O
interactions. The strength of S2 and S3 is based on
O interaction and N/C-H---O, hydrogen
bonds. Hence, the stability of complexes mainly
depends on Ti---O electrostatic interactions and
the essential addition of C/N-H---O, hydrogen
bonds. Besides, the adsorption of SMX on the

one Tlsf---
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(001) facet of rutile-TiO, is slightly weaker than
that for other antibiotics.'*Itis due to the horizontal
arrangement of these molecules on TiO, being
more convenient than SMX. At >C=0, -COOH
groups, the negative charge density is higher than
at >S=0. Consequently, stable intermolecular
contacts are favorably formed in these systems as
compared to SMX-TiO,.

In addition, the deformation energy is
an essential factor in evaluating the interaction
ability and separation of the molecule on the
material surface upon the adsorption process.
Table 1 shows that the deformation energy values
forr-TiO, (E i) and SMX (E ) are ca. 13.9-29.9
kJ.mol", and 10.4 - 21.5 kJ.mol!, respectively. It
can be seen that a more considerable change in
geometry of r-TiO, following the complexation
in comparison to SMX. Calculated results are

3,

similar to rutile-TiO, (110) surface changes
following the adsorption of molecules containing
functional groups on its surface.'*!>2? Particularly,
the E  and E, values of rutile-TiO, surface and
molecules in these reports are of 10.5 - 56.5 kcal.
mol'and 3.3 - 54.0 kJ.mol", respectively. Indeed,
the interaction between SMX and r-TiO, causes
slight changes of the isolated geometries for the
surface and molecule upon complexation.

3.3. Existence and role of surface interactions

3.3.1. MEP analysis and DPE, PA at sites of

molecules

Toevaluate the formationability ofintermolecular
interactions, we carried out computations on

characteristics of molecules including MEP
and DPE, PA at sites. The calculated results are
illustrated in Figure 2 and given in Table 2.

Figure 2. The optimized geometry and MEP map of sulfamethoxazole at B3LYP/6-31G(d,p) level (electron

density = 0.02 au; region of -5.10% to 0.20 au)

Table 2. The deprotonation energy (DPE) and proton affinity (PA) at bonds and atoms in sulfamethoxazole at

B3LYP/6-31G(d,p) level (all given in kJ.mol ")

NS_HIS N7'H27 C13'H21 C9'H19 C17'Hz4 Cls'st

DPE 1482.0 1552.7 1689.5 1700.8 1666.5
0, 0, N, N, N,

PA 888.7 956.0 977.0 925.9 869.4

The MEP map for sulfamethoxazole
indicates that the O34 and N 567)
negative electron densities (red color regions).
These sites strongly interact with positive
charge regions at Ti . on r-TiO, to form Ti,.--O
attractive electrostatic interactions, especially
at >S=0 group. Meanwhile, the significant
positive regions at H atoms (in C-H, N-H bonds)

conveniently interact with the negative charge

sites have high

sites at O, lying on the surface to form C/N-H---O,
stable hydrogen bonds.

As presented in Table 2, the proton affinity
of atoms decreases in the order of N, > O,(O,) >
N, > N, > O,. The electrostatic interactions
between O/N sites with the Ti,, on r-TiO,
are thus stable, especially at N, and O, sites.
Besides, the hydrogen bonds formed between
H atoms and O, on r-TiO, are more favorable

https://doi.org/10.52111/qnjs.2022.16306
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at N-H ¢ than at N_-H,, = as compared to C-H

28/27

bonds. This is understood that the DPE values
of N-H are smaller than those of C-H bonds
(cf. Table 2). Indeed, the interactions between
SMX and r-TiO, are favorable at the opposite
regions of high charge density as well as at the
sites that have strong proton affinity or slight
deprotonation energy.

Figure 4. The charge distribution upon complexation

https://doi.org/10.52111/qn;js.2022.16306

3.3.2. AIM analysis and electron density transfers

The characteristics of topological geometries
for the first-layered structures are displayed
in Figure 3 and listed in Table 3. The electron
density transfers upon complexation are also
displayed in Figure 4 for whole adsorption
configurations.
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Table 3. The AIM analysis for structures in Fig.3 at
the B3LYP/6-31G(d,p) level (p(r), V(p(r)), H(r) (in au);
E,; (in kJ.mol "))

BCPs  p() V(p(®) HE) E,
OTi, 0046 0265 0.005

. 0,~Ti, 0046 0264 0.005
0--Ti, 0064 0373 0.002
N-H--0, 0.048 0.127 -0.008 -62.2

> C-H,-O, 0.007 0021 0001 -4.1
C-H,-O, 0011 0034 0001 -7.8
O--Ti, 0063 0358 0.001
N-H--O,  0.033 0.089 -0.002 -35.7

>3 C-H-O, 0008 0.027 0001 -5.1
C-H,-O, 0.009 0029 0.001 -6.2
OTi, 0045 0281 0.007

o OTi 0035 0182 0.004

C-H--O, 0.017 0.052 0.001 -13.9
C-H,--O0, 0.019 0.065 0.002 -17.2

Figure 3 shows that the BCPs are found
between Ti, O, H---O, intermolecular contacts.
Aspresented in Table 3, the electron density (p(r))
values of Ti,--O, H---O, BCPs are of 0.035 to
0.064 au, 0.007 to 0.048 au, respectively. These
intermolecular contacts are thus regarded as non-
covalentinteractions.?’ It can be confirmed further
by the slightly positive values of H(r) at most of
Ti,--O, H---O, BCPs. Noticeably, the N-H---O,
contacts in S2, S3 have negative H(r) values of
-0.01 au, indicating their partly covalent nature.
The large p(r) values at Ti_:--O BCPs imply their
high strength and significant contribution to the
stability of complexes. Moreover, the hydrogen
bond energy (E,,) values are calculated and
listed in Table 3. Accordingly, the more negative
values of E_, in S2 imply the more significant
contribution of hydrogen bonds to its stability
as compared to S3, S4, and S1. The cooperation
of two Ti --O stable interactions and hydrogen
bonds brings the considerable strength of S4
as related to other ones. Indeed, the adsorption
ability of SMZ on the (001) facet of rutile-TiO,
is quite strong.

The electron density transfer (EDT) is
one of the crucial characteristics to determine
the existence and strength of intermolecular
interactions. The considerable transfers of
electron density in complexes lead to form
stable interactions. The calculated EDT values
for S1, S4 are 0.057 e and 0.011 e, implying the
more substantial electron density transfers from
SMX to r-TiO, to form Ti---O contacts than the
reverse transfers from r-TiO, to SMX to form
O---H hydrogen bonds. In contrast, the EDT
values for S2 and S3 are -0.033 and -0.012 e,
indicating the more substantial electron density
transfers from r-TiO, to SMX than the reverse
transfers from SMX to r-TiO,. Therefore, it
can be suggested that the Ti,.--O and H--O,
intermolecular interactions exist following the
complex formation.

4. CONCLUSIONS

The stable complexes for adsorption of the SMX
molecule on the rutile TiO, (001) surface are
examined at vdW-DF?2 functional. The adsorption
energy of the complexes is in the range of -167.3
to -214.4 kJ.mol!. The main contribution is
determined by the attractive electrostatic forces
between >S=0 group and Ti,_site, while the vital
addition of the N/C-H:--O hydrogen bonds is
found in stabilizing of adsorption configurations.
AIM analysis indicates that the interactions
between >S=0---Ti, and N/C-H---O, mostly have
non-covalent in nature. It is noticeable that the
C/N-H.--O, partly covalent hydrogen bonds play
a crucial addition in stabilization. Furthermore,
the electron density transfers occur significantly
from SMX to r-TiO, following the formation
of the interaction. Indeed, the process of SMX
adsorbed on the surface of r-TiO, is evaluated as
chemical adsorption.
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TRUONG DAI HOC QUY NHON

Bao mat I16p vat ly cho cac ky thuat truyén dan da ngudi dung
cla mang chuyén tiép MIMO I6n véi x{ Iy tuyén tinh

Nguyén P Diing'*, Pao Minh Hung', Vo Nguyén Qudc Bao?

'Khoa Ky thudt va Cong nghé, Truong Dai hoc Quy Nhon, Viét Nam
2Hoc vién Cong nghé Buu chinh Vién thong, Viét Nam

Ngay nhan bai: 08/05/2021; Ngay nhan dang:13/07/2021

TOM TAT

Trong bai bdo nay, chiing toi xem xét van dé truyén din da ngudi ding trong hé théng chuyén tiép nhiéu dau vao
nhiéu dau ra (MIMO). Trong d6, mét tram gbc dudc trang bi nhiéu dng ten truyén dong thdi thong tin dén nhiéu ngusi
ding thong qua sy trg gitip ctia by chuyén tiép dudc trang bi mang dng ten 16n. Giao thic gidi ma va chuyén tiép (DF)
dudc xem xét bang cach st dung k§ thuat t8 hop ty 1é cuc dai/ truyén ty 1¢ cuc dai (MRC/MRT) hoic k§ thuat tiép nhan
ép vé khong/ truyén ép vé khong (ZFR/ZFT), dé xi 1y tin hiéu tai bd chuyén tiép trong diéu kién thong tin trang thai kénh
khong hoan hio. Két qua, céc biéu thiic chinh x4c va biéu thiic x4p xi dat dudc vé toc do kénh ngusi sit dung va toc do
an toan rét kénh dbi v6i mot xdc sudt rét kénh an toan cho trudc. Ngodi ra, ching t6i di dé xuét phan tich tiém cin trong
céc truong hop dic biét khic nhau. N6 da tiét 16 rang, phan 16n ty 1& nghe trdm dudc loai bé khi mot s6 lugng dng ten bd
chuyén tiép tién dén vo cling va dong thdi niing lugng truyén tai tram gbc va bo chuyén tiép c6 thé duge giam nhd xudng
dang ké theo yéu t6 ti 1¢ 1/+/N, trong khi d6 van duy tri dugc hiéu suit hé thong an toan. Cubi ciing, két qua md phong
thé hién tinh hgp 1é trong phan tich clia bai bio.

Tix khoa: Truyén thong an toan, MIMO da nguci diing, chuyén tiép MIMO 16n, mang chuyén tiép.

*Tac gia lién hé chinh.
Email: nguyendodung@qnu.edu.vn
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ABSTRACT

In this paper, we consider the problem of secure multiuser transmission in a massive multiple input multiple output
(MIMO) relaying system, wherein a base station equipped with many antennas transmits simultaneously its message
to multiuser at the destination via help of a relay equipped with massive antenna arrays. Decode and forward (DF)
protocol is considered by using the maximum ratio combining/maximum ratio transmission (MRC/MRT) or zero-forcing
reception/zero-forcing transmission (ZFR/ZFT) to process signals at the relay under imperfect channel state information
(CSI). As a result, exact and asymptotic expressions for user rate and outage secrecy rate for a given secure outage
probability of eavesdropper links are derived. Furthermore, we have proposed the asymptotic analysis in various special
cases. It is disclosed that the majority of eavesdropper rates is eliminated when a number of relay antennas go to
infinity, and simultaneously the transmit power at the base station and the relay can be scaled down significantly by
factor 1/ V/N while maintaining secure system performance. Finally, numerical results confirm the validity of our analysis.

Keywords: Secure communication, multiuser MIMO, massive MIMO relaying, relay networks.

1. INTRODUCTION

Recently, massive MIMO system can considerably
enhance the data rate and serve many users in the
same time-frequency resource by utilizing hundreds
of antennas simultaneously. > Massive MIMO inher-
its all the advantage of traditional multiuser MIMO
such as improved spectral efficiency, reliability, and
reduced interference. Owing to the efficient use of
the very large antenna arrays, transceiver is sim-
plified even with just simple linear processing,
e.g., maximum ratio transmission (MRC) or zero
forcing (ZF).3" Therefore, multiple transmit anten-
nas techniques can also be exploited for enhance-
ment of secrecy performance. In literatures, 8 it was
found that,

the information leakage to an eavesdropper can be
fairly small and insignificant as the number of an-
tennas goes to infinity. As discussed in the article,’
with standard time division duplexing (TDD) mode

*Corresponding author.

Email: nguyendodung@qnu.edu.vn

https://doi.org/10.52111/qnjs.2021.16307

the legitimate user obtains several orders of magni-
tude much larger than the received signal power at
the eavesdropper. This generates a state where the
secrecy rate is quite high rate to the legitimate user.
Altogether, massive MIMO enables excellent physi-
cal layer security without any extra effort.

In order to assess on the physical layer security per-
formance, the gap between the legitimate channel ca-
pacity and the wiretap channel capacity is usually de-
termined, namely secrecy rate. %1% Several excellent
studies have investigated relay networks into physi-
cal layer security derived the considerable improve-
ment of the legitimate channel capacity through co-
operative diversity, hence enhances secure transmis-
sion. 131 However, presences of eavesdroppers in
wireless networks are usually typical passive in or-
der to hide their existence. Therefore, the transmitter
cannot obtain eavesdropper CSI. Besides, the quality
of legitimate CSI is also a challenge due to the fact
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that there exists legitimate channel estimation error
or a feedback delay.'*'® As in the article,!” when
the CSI is obtained by using property of reciprocity
in TDD model systems, it may be imperfect because
of delay or pilot contamination. In this context, the
concept of secrecy outage rate was also considered to
evaluate the secure communication with a given prob-
ability '%19 due to unavailability of the eavesdropper
CSI. Additionally, combining multiple relay coop-
erative beamforming with artificial noise (AN) was
adopted to enhance the legitimate signal, and simulta-
neously degrade the eavesdropper signal.?*2? Topics
of secure communications on physical layer security
including node authentication, message integrity, and
secrecy have also been considered. >

In general, unlike the corresponding classical cryp-
tographic approaches which are all based on com-
putational security, the added strength of physical
layer security is that it is based on information the-
oretic security, in which no limitation with respect
to the opponent’s computational capacity is assumed
and is therefore inherently quantum resistant. Phys-
ical layer security solutions emerge as competitive
candidates for low complexity, low-delay and low-
footprint, adaptive, flexible and context aware se-
curity schemes, leveraging the physical layer of the
communications.

Note that, secrecy performance of massive MIMO
relaying system under the amplify-and-forward for
multiuser transmission was discussed in the article.?*
In this paper, we continue surveying the relay-assisted
massive MIMO system under DF to enhance the se-
crecy performance which is the paper’s main moti-
vation. Specifically, we focus on considering relay
schemes, including MRC/MRT and ZFR/ZFT, and tak-
ing into account the effects of second hop channel
estimation for physical layer security in a massive
MIMO relaying network. The main contributions of
this paper are summarized as follows:

i) Based on two linear processing methods, the
secure multiuser MIMO downlink transmission
techniques are considered to solve the challeng-
ing issue of the short-distance between the re-
lay and eavesdroppers, and CSI imperfect chan-
nels. As a result, novel closed-form expressions
of data rate and secrecy outage rate for MRC/MRT
and ZFR/ZFT, which help us employ secure per-
formance comparison of different network and
system settings and provide significant insights
for system design and optimization. It is note-

\
\
Base station Relay \ \& Y
\ /
. /
\ /.
\\\ //
@ Destination Qg Eavesdropper @

Figure 1. Relay-aided massive MIMO network.

worthy that secure transmission performance on
short-distance eavesdroppers is addressed.

ii) The multiple-antenna MIMO technique at the re-
lay is utilized by exploiting the large-scale an-
tenna array gain. When the number of relay an-
tennas approaches infinity, eavesdroppers of rate
have less effects on secrecy performance, and si-
multaneously the transmit power at the BS and
the relay can be scaled by factor 1/v/N.

The remainder of this chapter is organized in the fol-
lowing manner. In Section 2, the system model of the
massive MIMO DF relaying system employing phys-
ical layer security under imperfect CSI is presented.
In Section 3, we derive explicit expressions of the
secrecy outage rate for both MRC/MRT and ZFR/ZFT
methods, from which their secure performances in
diffident cases are compared. In Section 4, we ana-
lyze asymptotic behavior of secrecy outage rate func-
tions for typical power scaling laws in various sce-
narios. Numerical results are verified according to
proposed schemes in Section 5. Finally, Section 6
concludes the paper.

Notation: Throughout the paper, we use upper (lower)
case boldface to denote matrices (vectors). The super-
scripts *, T, and H stand for the complex conjugate,
transpose, and conjugate-transpose, respectively. A;;
denotes the (7, j)-th entry of matrix A, and Iy is the
N x N identity matrix. We use E {.}, ||.|| and Tr(.) to
denote the statistical expectation, the Euclidean norm
and the trace of a matrix, respectively.

2. SYSTEM MODEL

In this section, the system model of secure multiuser
downlink transmission based on relaying is intro-
duced. Wherein, performance metrics are considered

https://doi.org/10.52111/qnjs.2022.16307
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to evaluate on the secrecy characteristics of the sys-
tem.

2.1. General description

In this paper, the relay strategy assisting secure multi-
user downlink transmission is in Figure 1, wherein
the base station (BS) is equipped with M antennas
to serve corresponding single-antenna mobile desti-
nations, M, via help of a relay (R) with N anten-
nas. Because the system model is assumed that there
is no direct path between BS and all D nodes due
to a long propagation or shadowing.?>%® Specifically,
we will consider that a secure transmission downlink
when K antennas at BS simultaneously send mes-
sages to desired K mobile destinations (D1,...,Dg)
with (1 < K < M) in presence of K passive eaves-
dropper (Ei,...,Ek) either pretending to be legiti-
mate destinations or to be idle mobile destinations.?’
We also assume that all E nodes are out of the cover-
age area the BS,?%?? i.e., they are far from the BS and
close to the R and D nodes. Therefore, all E nodes can
only receive directly from the emitting R.

In the first phase, having K antennas transmit simul-
taneously their signal vector, x = [z1, Z2, ..., mK]T.
Here, we assume that E{|z|?} = 1 so that Ps is the
average transmit power per antenna at BS. The re-
ceived signal at R is given by

YR = V PsGgrx + nR, (h

where Ggr € CN*K denotes the channel ma-
trix from BS to R. It notes that the channel ma-
trices account for independent and identically dis-
tributed (i.i.d.) Rayleigh fading and time division
duplex. More precisely, Ggr can be expressed as
Ggr 2 v/BrHBgR, where the small-scaled fading
matrix Hgr € CV*X has iid. CN(0,1) elements,
while factor ngR is the distance-dependent path-loss
random variable with variance E{|ng|*} = oa.

By using the linear receiver, the received signal yg at
the relay is separated into K streams by multiplying
it with a linear detector matrix A as

r=A"yg, )
= /PsATGgrx + ATng. (3)

In particular, the k-th signal stream processed at R
can be written as

K
ri. = \/Psaj ger itk + V/Ps Y aj geriti + aj ng.
i#k @)

https://doi.org/10.52111/qnjs.2021.16307

In the second phase, the relay performs linear pre-
coding to all decoded signals, x, in the first phase
by multiplying it with a beamforming matrix B, i.e.,
s = Bx. These signals are then broadcasted to des-
tinations. Hence, the received K x 1 signals at all D
will be

yp = Gfps + np,
= GLpBx + np. (5)

In particular, we can write the received signal at Dy,
under the form of

K
Yoy, = ggD,kbkmk + Z ggD,kbiﬂfi +np,, (6)
ik
where the channel matrix between the K des-
tinations and the relay is denoted by Grp =
[gRD.1, 8RD2, - 8RD.K] € CV*E. Ggrp can be
further written as Ggrp = HRDD;{/D2 , in which
Hrp € CV*K includes the i.i.d. CAN(0,1) small-
scale fading coefficients, and Dgp is the large-scale
fading diagonal matrix depended on distance path-
loss, and ¢-th diagonal element of the diagonal matrix
is denoted by [Drplii = ogp (i = 1,2,...,K).
Moreover, np and ng are the AWGN vectors at R and
K destinations, respectively, with i.i.d. components
following CA/(0,1). From (4) and (6), the instanta-
neous received signal-to-interference-plus-noise ratio
(SINR) at R with k-th stream and Dy, is given by, re-
spectively,

Ps |&lngR,k|2

Ps Z{;k ‘a{gBRﬂ2 + Ps |a£nR|2’

(7

YBR;, =

and
2
T
‘gRD,kbk‘

Yl lgroibil® + 1

@®)

YRD;, =

As a result, we can obtain an achievable rate of the
transmission links BS — R and R — Dy, respectively
as

Hrr, = logy (14 BR,), )

and

Zro,, = 1ogs (1 + 1rD,) - (10)

At the same time, Ej tries to intercept information
from R to Dy. Therefore, the received signal at E
can be obtained as
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K
YE, = 8RExDRTE + Z gke ybizi +ng,, (1)
ik

where gRe . is the channel vector between Ej, and R,
ng, is the AWGN with zero mean and unit covariance
at Ej.
Similar to (8), we assume that the channel ggrg . is
obtained at k-th corresponding eavesdropper is per-
fect CSI. Therefore, the achievable SINR at E;, is

2

‘ggE,kbk‘

. (12)
Z{;k lgre kbil” + 1

YRE, =

From (12), the corresponding eavesdropper rate of
transmission link R — E;, derived as

Hre, = logy (1 +RE,) - (13)

For secure multiuser massive MIMO relaying system,
we assume that the achievable total legitimate chan-
nel rate and the achievable total eavesdropper channel
rate are Zp and %k, respectively. From the perspec-
tive of information theory, the achievable secrecy rate
region for decode-and-forward dualhop relay wiretap
channel is expressed as '3

K
Rsg = [Uo — He)" =Y Hee,,  (14)
k=1

where Zsg, is the achievable secrecy rate at D!
given by

%SE]C = [%Dk - %Ek]-i—? (15)

with [z]" = max(z,0). In (15), Zp, and %, rep-
resent the achievable channel rate of the transmission
link BR, -+ R — Dy and BR; — R — Ep, respec-
tively. Thus, we have

1
Kb, = 2 min (%8R, #rD,,) ; (16)

and

Ke

k

1
= imln (%BRk,%REk). (]7)

2.2. Performance metrics

In this paper, we assume that there is no knowledge of
eavesdropper links at BS and R. Maintaining a steady
secrecy rate over all realizations of fading channels

is difficult since CSI eavesdroppers is unavailable.
Based on the given secrecy outage probability, , we
take the maximum rate which is defined as secrecy
outage rate, Zos, , at Dy Hence, we have’

C =Pr (%DSEk > %Dk - %Ek> . (18)

From (17), we can rewrite (18) as

1
(=Pr |:=%08Ek > Xp,, — B} log, (1 + ’YEk):| , (19)
=1-F,, [22(%,:%%)*1} . (20)

where vg, = min (vgR, , Vre, ) and Fka (.) is the cu-
mulative distribution function (CDF) of ~g,. After
we simply manipulate the expression (20), the system
secrecy outage rate as a function of ( can be derived
as

1
Rosw, = Ao, — 5logp |1+ Fo (1-0)f, 1)

where Fyg, ~1(.) is the inverse CDF of Fye, ().

We consider both MRC/MRT and ZFR/ZFT schemes un-
der practical wireless network scenarios. Specifically,
the BS and R locations are fixed while all destina-
tions serve as mobile terminals as the case consid-
ered in this paper. Therefore, the first-hop channel,
GpR, is considered as perfect CSI by accurately es-
timating. Whereas, the achieved second-hop chan-
nel, Ggrp, is imperfect due to applying due to channel
reciprocity in TDD systems and the mobility of desti-
nation nodes, 2> which leads to the channel estimation
error matrix, GRD, of the actual channel matrix Grp,
we can write 3

Gro = Grp + Erp, (22)

where Grp = [&rp.1: - - -, 8rD, K| € CV* ) Egp =
[erD,1;---:€RrD,K] € C(N*K) is the estimation error
matrix, which is independent of Ggrp, i.e., Erp ~
CN (0, Erp) with Erp = diag {031, ] K}, and

Grp ~ CN(0,Dgp — Egp) with Drp — Egp 2

]5RD = diag [&?{D Dreees 6,%[) K}, whose element is
&I%Dﬂ‘ = U%D7i — ‘73,1' fori=1,2,... . K.
2.2.1. MRC/MRT processing

With low complexity, MRC/MRT scheme is widely ap-
plied in massive MIMO techniques.*3* Hence, the
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MRC receiver and MRT beamforming matrices at the
relay are respectively given by>°

AT = Agac = GgR» (23)
and
B = Burc = purcGry- (24

Here, Ay is chosen for facilitating signal process-
ing in the first phase. In the second phase, Byrt
is chosen under the practical CSI, i.e. GRD based
on the MRT criterion. Note that pypc is the power-
normalization factor to meet the long-term total trans-
mit power at the relay®, namely,

PR

_— (25)
K A
N> ii.0 %D,i

P¥RC =
2.2.2. ZFR/ZFT processing

Similar to MRC/MRT scheme, when using ZFR/ZFT
scheme for the receivers and precoders at R can be
respectively given by®

1
AT = AL 2 (GErGer)  GEr,  (26)
and
A A1k AT Ax -1
B = Bzr = pzrGrp (GRDGRD) (27)

where pzr is also the power normalization factor for
ZFR/ZFT, in which we use the property of Tr(AB) =
Tr(BA) and then applying** Lemma 2.9 to obtain

(N - K) PR
pPzF =~ 21(71 (28)
=1 &%D,i

3. ACHIEVABLE RATE ANALYSIS AND
SECRECY PERFORMANCE

In this section, we will consider the achievable se-
crecy rate of the BS — R — Dy link based on the
approach in the article, > where the received signal is
analyzed as a known mean times the desired symbol
plus an uncorrelated effective noise. This is widely
utilized in analysis of MIMO technique since it can
be obtained an explicit rate expression and no require-
ment of instantaneous CSI at destination. Therefore,
we may analyze received signal streams at R and D
as follows:

From (4), the k-th received signal stream at R is
rewritten as

r. = \/Psaj geRrk Tk + MRy » (29)

https://doi.org/10.52111/qnjs.2021.16307

where 7R, is the effective noise at R, given by

K
NR,, = \/FszangR,ixi + a}fnR. (30)
ik
From above analyses, the k-th received SINR at R

for both cases of MRC/MRT and ZFR/ZFT is express as
below

MRC/ZF A Ps |E {angRvk}F
TBR, — T
PsVar (ak gBR,k) + P5|Sk + NRy,

, B

where 1S and NR; represent the interference be-
tween streams transmitted from BS — R, and the
noise at the relay, respectively. In particular, we have

K

IS), & ZE{}a;{gBMQ}, 32)
itk

NRi 2 E {[alne |} (33)

Similar to signal analysis way as in the first phase,
the corresponding received SINR at Dy, in the second
phase is derived from (6) as follows:

MRC/ZF & )]E {ggDﬁkbk} '2

RDy
Var (ggukbk) + Zf;k E {‘ggmbi

—
b
(34)

Next, the legitimate channel rate and the secrecy out-
age rate will be considered in detail by using the
above technique.

3.1. MRC/MRT at R

When MRC receiver and MRT beamforming are per-
formed, we have the following theorem.

Theorem 1. For MRC/MRT processing, the achievable
rate of the transmission link BS — R — Dy, in the
massive MIMO DF relaying system is tightly approx-
imated as

1 NPso?
FRC _ 1 1 - BR
Di = 51082 | 1 +min KPso2n + 17

NPrbio s, })
N K 4 ’
[PR (U%D,k + Uf,k) + 1} Yit1 ORp
(35)

Proof. See Appendix A. 0
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For eavesdroppers, we assume that each eavesdropper
has perfect CSI by the channel estimates. Therefore,
the corresponding eavesdropper rate at Ej, can be ob-
tained as

1 .
%gc =3 log, (1 + min (vﬁ‘kckﬂ”r@%i)) )

1 N Pso2
— Liogy (14 min [ 5%
2 KPsodp +1

2
Piinc ‘ggE,kgED,k‘
5 . (36)
+1

2 K T Ak
Pure Zi;ﬁkz ’gRE,kgRD,i

Thus, the achievable secrecy rate at D can be given
by

1+ min (42,159 )

1+ min (9, )

1
Fse,, = 5 logy (37)

Based on (37), the asymptotic form for the secrecy
outage rate at Dy, is derived in the following Theo-
rem 2.

Theorem 2. Subject to a predefined outage secrecy

probability, (, the secrecy outage rate of Dy in

MRC/MRT of massive MIMO DF relay network under
KPso2,+1)62

N > max (K <SUBR+)URD”“>, is given by

’ PSJ%R Zf;k &EDJ
MRC __ MRC MRC
‘%USE[C - %Dk - ‘%DE[C (C)? (38)

where Zgg. (¢) is obtained as shown in (39) at the top
of the next page.

Proof. See Appendix B. O

3.2. ZFR/ZFTatR

For ZFR /ZFT, we can also obtain the rate and
secrecy

outage rate of D, which are similar to the con-
sideration way in MRC/MRT. As a result, we have a
closed-form expression for the achievable rate in the
following Theorem 3.

Theorem 3. For ZFR/ZFT processing, the achievable
rate of the transmission link BS — R — Dy in the
massive MIMO DF relaying system is given as in (40)
shown at the top of the next page. 0

Next, the acquired rate at corresponding Ej for
ZFR/ZFT is

N P —1
YRE, = PnggE,k l:GT?D (GgDGED) ] Tp+
k

K
N N “ —1
PzF Z ZRE 4 [GT?D (GEDGED) } Ti g,

itk i
~ K ~
= ZRe i [BZF} LR Z 8Re & {BZF} Ti + NEy,
7
i#k/

(41)

N N . -1
where [szh = [GED (GEDG§D> ] . Note that
k

the received signal at Ej, is presented to be similar to
one at Dy, in the proof of Theorem 3. Therefore, the
acquired eavesdropper rate at Ej, is given by

1
e = - log, <1+ min {(N — K)Psogg,

2
2 T B, 2
Pzr ‘gRE’k [BZFL‘
2 sk o1 g ]l '
PzF ‘Zi;ﬁk 8RE k {BZFH +1
(42)

The secrecy outage rate at Dy, is derived in Theorem 4
by using the approach like MRC/MRT.

Theorem 4. Subject to a predefined outage secrecy
probability, (, the secrecy outage rate of Dy in
ZFR/ZFT of the massive MIMO DF relay network

under N > | K + T3 1K T , can be
PsogrORD 1 2igk a2
K

given by

Ry, = #b. — g, (C), (43)

where Xt (C) is obtained as in (44) shown at the top
of the next page.

Proof. See Appendix D. O

Remark 1. It is found that the achievable rates in
Theorem 1 and 3 are also valid for traditional MIMO
systems. However, achieved their bounds in mas-
sive MIMO systems are tighter than that in tradi-
tional MIMO systems since the central theorem is
performed to approximate the effective noise in both
phases.
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K 22 2 22 2 K 9
JRC A1 Nl ORD,i — (PRURE,kURD,k + PRURE,k Zi;«ék JRD,i) log ¢
%DEk (g) = 9 logy NS K 52 Poo? K -2 (39)
Dim1 ORD,i ~ *RIRE k Zi;ﬁk Ogrp,; 108 ¢
1 N — K)Pré63
HE, = 5 logy | 14 min § (N - K)Psoge, K( - ) o (40)
PR 102+ Orp g 2oic 25,
Remark 2. Based on the effective multiuser interfer- en = Zfil &%D,i, fu = —ERaaE,k&ng log ¢,
. . . K .
ence .suppresszng capablllt.y of ZFR/ZFT technique in hy = _ERJ%Evk Z#k Jam log¢, e; =
relaying systems, the achievable rate on the BS — o) K 1 _ 2
g Orpg 2oim1 32— Jz = —Eroggglog(, and
R — Dy transmission link is better than that for : 9RD,i p '
MRC/MRT. ¢z = —ERORE k0RD & 2igk % log¢.

Remark 3. Satisfying constraint conditions in Theo-
rem 2 and 4 is easy by more increasing a number of
N antennas at R. It implies that the signal processing
systems are proposed with low-complexity, and con-
currently the secrecy outage rate can be improved due
to the very large number of relay antennas.

Therefore, the secrecy outage rate should be con-
sidered in the regime of very large N to enhance
the spectral efficiency, namely to improve the secure
downlink transmission in multi-antenna MIMO re-
laying systems in the presence of eavesdroppers. In
addition, the joint utilization of massive MIMO and
relay can fully exploit another benefit as cutting down
transmit power at the BS and relay without compro-
mising the system performance, which is shown by
the following section.

4. ASYMPTOTIC ANALYSIS WITH MAS-
SIVE ARRAYS

With the advantage of increasing a number of N an-
tennas at R, this section will investigate in the asymp-
totic analysis scenarios to provide insights into the
system characteristics. Specifically, when N — oo
with fixed total transmit power of Es and LR, i.e.,
Ps = 5, Pr = £& with o, B € [0,1]. Zgkg, with
A € {MRC, ZF} can be re-expressed, respectively, as

Tsee = By ™ = A (), (49)

where %’D“I;OO and %6‘}3’:0 (¢) are given in (46) and (47)
for MRC and (48) and (49) for ZF, respectively, with

https://doi.org/10.52111/qnjs.2021.16307

1 N Eso?
MRC _ . BR
b, —§log2 (1 + min ( 5ol + No’

N Exhos )
{ER (&%D,k + 03,k> + Nﬂ} i1 ORo,

(46)

1 NOBey + fu+h
R T (el I

and
1 . [ (N — K)Eso
iz =3 log, <1 + min <NQBR,
(N — K)ERrGgp . ))
Er ZiK:1 Ug,i +Nﬁ&%D,kz Ziil % ,
(48)

1 NBes+ fz+h
K5, (C) = 5 logs (Nzez . Z>, (49)

From (46) and (48), it shows that « and § should
be chosen in the interval [0,1] for non-vanishing

MRC/ZF )
%Dk / as N — oo. Because, if we choose « and/or

8> 1, %gic/ = may be zero. Therefore, we now
consider the asymptotic achievable rate and secrecy
outage rate of the transmission link BS — R — Dy,
as N — oo in some following special cases. More
explicitly, selected factor pairs, (v, /3), are at high
bound of [0,1], i.e., « = 1 and/or 3 = 1, and in
the interval (0, 1), i.e., « = 1/2 and/or § = 1/2.
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<2 K 1
ORD,k =152, (PRUREk"‘PRUREkURDkZz;ék >logC

1
R, (¢) = 5 log (44)
' 2 URDkZz 152, — Proge kJRDkZzyék 10g§
Proposition 1. When the number of N antennas at e Case2: aand 3 are chosen in the interval (0, 1).
the relay approaches infinity, the secrecy outage rate We choose o = 1/2 and/or B = 1/2 in several

of the transmission link BS — R — Dy, for MRC/MRT cases as follows:

and ZFT/ZFR in some cases can be asymptotically ap- E
- Case 2.1: (o, B) = (1/2,1/2) ice., (Ps = ==,

proximated, respectively, as follows: VN
P = LR
e Case l: avand (8 are chosen at bound to be equal R W)
to one in several cases as follows:
%MRC ,00 1 10 1+
- Case 1.1: (o, B) = (1,1) ice.,, (Ps = %, Pr = OSEj, 9 1082
%)
N \/7E &a
Eogd min \FESUBR, ﬂ ,
Romr™ L logy | 1+ min (EsO'%R7 7;0'?'3 b Z A?{D i
to2 2in1 Okp (56)
1 emM + fM + hM
— =1 T 50
92 082 ( en n hM > ) ( ) .
s = Stogy | 1 min | Bsode, < | |- , VN
~ " 9RD,i Zi:l Azl
(51) 9RD,i &7
- Case 1.2: (o, ) = (0,1) i.e., (Ps = Es, Pr =
%) - Case 2.2: (a,8) = (0,1/2) ie., (Ps = Es,
— Er
B 4 PR - \/ﬁ)
MRG0 1 log (1 n RORD,k )
0SE, o 1082 <K 2
L2 i1 68, e Lo (14 ifER ROk (58)
0SEy 9 2 K ’
B 110 en + fu + hy (52) >ie1 RDz
9 g2 eu + hM )
ZF,00 1 \/NER
1 E Hose, = logy | 1+ g (59)
Hosiy = 5108 [ 14+ = (53) c2 P

Y
i—1 72
=1 685,

- Case 2.3: (o, B) = (1,0) ice., (Ps = 25, PR =

- Case 1.3: (a, B) = (1,0) ie,, (Ps =58, Pr = VN
ER)
ER)
1
1 MRC,00 __ 2
Rse,” = ;logs (1+ Bsogg),  (54) e = gloma (1+ VIV Esog) . (60
‘%[ZlgEk =5 log, (1+ ESO%R) - %’cz)gék =5 log, (1 + \/ﬁEsgéR) -
]. 62+fz+hz ]. €Z+fz+hz
-1 —_ . 55 -1 el I 61
20g2< . > (55) 20g2< or + Ity (61)
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w1 [ (N = K)EsU%R (N — K)ErGgp
X5 = =logy | 1+ min , (62)
Rzz 1‘7ez + URDkZz 1 JRD
~9 K 1
1 Nogp din1 2. <URE et URE kURD k Zz;ék 52 Z) Erlog¢
‘%DE (€) = 5 log, ’ = (63)
k ~9 K
2 NURD,k 2 ;,gD _ ERURE kURD k Zz;&k 20 log ¢

Proof. We 'ﬁrst consider Case 1.1 by rewritin.g (48) Sr— Thorea (VRGN /6___3_.‘3._.3_._6-..0
and (49) with Ps = Es/N, Pr = Es/N, as in (62) 45 3 Simuaton (MRGART < ]
and (63) shown at the top of the next page. The de- | © Smuaton ZFRIZFT) & Tt
sired result as in (50) and (51) can be readily obtained - &
by the property of logy(1) = 0 as N — oo. Other % o 7 7 ye b/b P
cases are omitted due to having the similar proof 2 0 j 4 b/" ,,,g"

b4 a5k |6 5 Ay e 1
way. R R R N @ AP ot i ok ok Sk S RN

] 25 24 28 2 21 M TV e e e e mmmm e
Remark 4. Proposition 1 shows that, in the regime 5 w P AT TETET6TET8TT8TY
of very large relay antennas associating with either @ \ Bl ® ]
MRC/MRT or ZFR/ZFT technique at the relay, the 6

s

transmit powers at both the BS and R in Case 1 and
Case 2 will be scaled by factor 1/N and 1/+/N, re-

spectively. As a result, the deterministic asymptotic ) SNR, [dB]

. MRC/ZF . . .
expression of ‘%OSE/k is derived as N — oo in all )
cases. In addition, the acquired rate of the k-th eaves- Figure 2. Secrecy outage rate versus Pr with

dropper in almost cases is average out due to the law orpk = 1and Ps =10 dB.

of large numbers, i.e., %MRC/ZF — 0, except some
cases as Case 1.1 and I.Zfor MRC/MRT, Case 1.3 and

2.3 for ZFR/ZFT go to a constant value as N — oc. ST 6T 66T 6060
Thus, to obtain the effectiveness against eavesdrop- 4 7
per;, Case 2 should be adopted into the massive MIMO

DF relaying system.

5. NUMERICAL RESULTS

In this section, we will assess the secure performance
under different consideration by employing Monte-
Carlo simulations. Most of the simulation cases, we

Secrecy Outage Rate (bits/s/Hz)

ORI 2 A A AR AR 4

set ( = 0,1, Jz,i =0.1, K =10,and Ps = Pr = o5y g "@\ N=150 N30 "o l?iﬁiﬁfﬁ'(ﬂﬂr?émﬁ)
10 dB, where the signal-to-noise ratio (SNR) is de- ¥ :@'_gi':; wem| | ';'l?jﬁ{aféfi'gip;”fiﬁ’
fined by either SNRs = 10log,; Ps or SNRr = S R
10log;( Pr to represent different transmit SNRs in

dB at either BS or R, respectively. Moreover, we will Figure 3. Secrecy outage rate versus Fs with
take the path-loss effect of org ;, when its value is ad- orEex = 1and Pr = 10 dB.

justed, and of ogR is normalized, i.e., ogr = 1.

Figures 2 and 3 illustrate secure performance of both
MRC/MRT and ZFR/ZFT processing techniques at the

https://doi.org/10.52111/qnjs.2021.16307
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Figure 4. Secrecy outage rate versus number of des-
tinations with op, = 1,SNR = Ps = PR and
N =120.

° [ [ [ ‘fg ° o ) o ]
K o o o // o }o/‘ [} [} o D
/y, 7
5 d /. ~
I /
% 359 ) o /o o/ ° 7’9/ ) o
a2 / /
e / / /" = = Simulation (MRC/MRT)
g | N =300 N=150¢ N =50/ & Theoretical (MRC/MRT)
) \ ‘ \\ \ === Simulation (ZFR/ZFT)
g \ \ \ O Theoretical (ZFRIZFT)
> \ \
Sas. ... R S NTToe——t =
Y ¢ o @ ¢ x\ o & o o
---------------------- LTI I ——
K4 ¢ ° ¢ ¢ K o\ ¢ ¢
\
_______________________________ -
04 ¢ 4 2 ¢ ¢ ¢ I ¢

Figure 5. Effect of IV on secrecy outage rate with
Ps=Pr=10dBand ( =0.1

relay, for the same target secure outage probability
¢ by varying different transmit SNRg with fixed Ps
corresponding Figure 2 and different transmit SNRg
with fixed Pg corresponding Figure 3. In Figures 2
and 3, the secrecy outage rate will be improved by in-
creasing either PR or Ps increases at low SNR regime
but it rapidly approaches to a saturated level, which
is determined by network settings. However, when
the secrecy outage rate is considered in three cases
of N,ie, N = 50,N = 150 and N = 300, it
can see that increasing a number of N relay anten-
nas can enhance the system outage rate for all range
of SNRs and processing technique used at the relay.
As a result, there are the following two distinguished
regions. The secrecy outage rate for MRC/MRT outfer-
forms that for ZFR/ZFT at low SNR regime. Whereas,

the achieved secrecy outage rate for ZFR/ZFT within
high SNR regime is better. It is due to the fact that, at
high regime, the effect of multiuser interference for
the MRC/MRT scheme is larger than that for ZFR/ZFT,
while the system for ZFR/ZFT is able to null multiuser
interference signatls,6 1.e., multiuser interference is
not completely canceled out in MRC/MRT but nulled
by projecting each stream onto the orthogonal com-
plement in ZFR/ZFT scheme.

In Figure 4, the secrecy outage rate is investigated un-
der two typical network settings, i.e., Case 1: SNR =
Ps = PR = —15dB and Case 2: SNR = P5 =
Pr = 5 dB, when we adjust a number of destinations,
K. Tt can see that MRC/MRT outperforms ZFR/ZFT in
Case 1 but not the same in Case 2, which is consis-
tent with the numerical results in Figure 2 and 3. Be-
cause the multiuser interference of the transmission
link BS — R — Dy, within low SNR is very small,
due to being inversely proportional to the number of
antennas. However, within high regimes of SNR, the
multiuser interference is large enough, resulting in se-
crecy outage rate for MRC/MRT is inferior.

In Figure 5, the transmit power at the source and the
relay are fixed by 10 dB, i.e., Ps = PR = 10 dB
and ¢ = 0.1. The effect of eavesdropper links is in-
vestigated by comparing the secrecy outage rate with
different values of org . It can be seen in Figure 5
that, for a given outage probability bound ¢, ZFR/ZFT
can derive better secrecy outage rate than MRC/MRT,
which confirms the advantage of the ZFR/ZFT scheme
over the MRC/MRT within moderate to high SNR re-
gion. Moreover, the secrecy outage rate is consid-
ered in three cases of N, i.e., N = 100, N = 200,
and N = 300, with the same effect of org . Re-
sults shows that increasing the number of antennas’s
N at R provides us an effective method to improve the
achieved secrecy outage rate. On the other hand, the
MRC/MRT and ZFR/ZFT are not so sensitive to short-
distance eavesdropper, which shows us that the ca-
pability of both linear processing techniques against
passive eavesdropper at short-distance is fairly good.

In the two figures of Figures 6 and 7, we illustrate the
system secure performance when N approaches in-
finity in some power-scaling laws of Case 1, and 2, as
addressed in Proposition 1. As expected, all asymp-
totic secrecy outage rates are in good agreements with

the upper bound in Case 1 and the enhancement of

rate of OSEg (H%/™) in Case 2 at high regime
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Figure 6. Secrecy rate comparison of MRC/MRT and
ZFR/ZFT relaying schemes versus N in Case 1 of
power scaling law with £ = Es = Er = 10 dB
and ¢ = 0.1.
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Figure 7. Secrecy outage rate comparison of
MRC/MRT and ZFR/ZFT relaying schemes versus IV in
Case 2 of power scaling law with £ = Eg = Er =
10dB and ¢ = 0.1.

of N. The advantage of ZFR/ZFT over MRC/MRT is
also verified. For example, ZFR/ZFT can provide se-
crecy outage rate of 1.4 bits/s/Hz with N = 40 while
N = 150 is required for MRC/MRT in Figure 6. More-
over, it can be seen in Figures 6 and 7 that, using both
linear processing methods in Cases 1.3 and 2.3, i.e.,
(a,8) = (1,0) and (v, ) = (1/2,0) respectively,
there is the best %ggg,f” compared to other cases of
Case 1, ie., [(a,8) = (1,1); (e, ) = (1,0) | and
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Figure 8. Secrecy outage rate of MRC/MRT and
ZFR/ZFT relaying schemes versus N in Theorem 2,
Theorem 4, Case 1.1 and Case 2.1 of power scaling
law with /' = Eg = Egr = 10dB and ¢ = 0.1.

that of Case 2, i.e., [(a,8) = (1/2,1/2); (e, B) =
(1/2,0)] respectively, which proves that allocating
transmit power at R also has significantly effect on
the secrecy outage rate. Meanwhile, there is a gap
of %gg;{z}? between Case 1.1 and Case 1.2 or Case
2.1 and Case 2.2 being very small in Figure 6 or 7,
respectively.

Furthermore, we can see that, the effective improve-
ment of %gSREIfZF according to Theorems 2 and 4,
ie, (a,3) = (0,0), is the best when comparing
to Cases 1.1 and 2.1 ie., (o, ) = (1/2,1/2) and
(a, B) = (1,1) respectively, as illustrated in Figure 8.
However, reductive capability of transmit power at
BS and R in case of (o, 8) = (0,0) hasn’t ability.
In Case 1.1 with («, 3) = (1,1), the transmit power
cutdown at BS and R is the best by inversely propor-
tional to the number of antennas, 1/N, but %gfg,{ &
in this case is small since it rapidly approaches to a
saturated level in spite of increasing N — oo. For-
tunately, Case 2.1 with (o, ) = (1/2,1/2) shows
that the transmit power at BS and R can be scaled by
factor 1/ V/N and concurrently improving the effec-
tive %gggIZ #F as more increasing N in Figure 8. From
above analyses, it allows us chose effective relaying
schemes based on given secure requirement of system
performance.
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6. CONCLUSION

In this paper, we have introduced a secure multiuser
transmission downlink based on massive MIMO
DF relaying strategy, in which both MRC/MRT and
ZFR/ZFT techniques are adopted into physical layer
security. As a result, the exact and asymptotic ex-
pressions for user rate and outage secrecy rate for
a predetermined secure outage probability of eaves-
dropper links with CSI imperfection are derived. We
then have focused on the analysis and comparison of
secrecy outage rate expressions in terms of SNRs,
different number of users, number of antennas and
eavesdropper distance. It is shown that, ZFR/ZFT
processing technique at relay provides a better choice
than the MRC/MRT based one in terms of the achieved
secrecy performance. It is noteworthy that, infor-
mation leakage prevention in all cases is quite good
regardless of passive eavesdroppers located a short-
distance from the relay. Since we can observe that
passive eavesdroppers have less effect on secrecy
rate when multiple-antenna MIMO relaying tech-
niques are adopted. Specifically, the acquired rate
of an eavesdropper diminishes to zero when asymp-
totic analysis is considered in various scenarios. In
particular, the MIMO DF relaying system based on
the large antenna array gain can balance between
the achievable secrecy outage rate and effective de-
creased transmit power at the relay and BS. These
results provide some useful insights to assist the de-
sign of massive MIMO relaying schemes for secure
information transmission.

7. APPENDIX

A. Proof of Theorem 1

In this appendix, Theorem 1 is proved to achieve the
rate of the transmission link BS —+ R — Dy. Based
on MRC/MRT, the expression (16) is rewritten as

1 .

75 = Llog, (1 min (R85, 485)) . (6
From (64), we first need to calculate 'ygl’éck, including
four terms, ie., E{alggry}, Var (al gery) . ISk,
and NRy, as follows:

We derive E {aggBR?k} by using MRC with AT =
GgR as

E{ajggrs} =E {||gBR,k||2} ~ Nogg.  (65)

We are now to achieve Var (ag gBR, k), which is
rewritten after using (65) as

Var (aj ggr i) = E {|a£gBR,k|2} — N%ogg,

=E {HgBR,kH4} — N?ogg. (66
By applying [**, Lemma 2.9 |, we have

Var (af ggrk) = N(N + 1)ogg — N?ogg,
= Nogg. (67)

We derive the third term, i.e., IS, by re-expressing it
as follows:

K
E {|a£gBR,i|2} = ZE {|ggR,k:gBR,i|2} ;
ik
= N(K — 1)ogg. (68)

In a similar way, we obtain NRj, as

NRy. = E { |gZz o’}
= Nogg. (69)

Substituting (65), (67), (68), and (69) into (29), we
MRC

obtain the result of VBR, 35

2
we _ NPsogg

_ _IVISORR 70
TBRe T K Poode + 1 (70)

Next, we derive a approximated expression SINR of
the transmission link R — Dy, by following the same
calculative way in the first phase above. As a result,
we have

o _ NProgp 1
RD, — . K '
[PR (J%D,k + Ug,k) + 1} dic1 U%D,i
(71)

From (70) and (71), we finally obtain (35) in Theo-
rem 1.

MRC

B. Proof of Theorem 2

We will prove Theorem 2 from starting (19), hence,
the inverse CDF of g, is needed. We first need to

calculate the SINR expression of Yge~ (36) in terms

2
with MRT

2
T  4ax% K T ax
of ‘gRE,kgRD,k‘ and Zi;ék ‘gRE,kgRD,i

beamforming, B = Bypc £ purc GRp-
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2
, we have

T Ak
For |gre 18rD &

)

T 2 T 4 2
’gRE,kbk‘ = ‘gRE,kg*RD,k
= |lgrekll” pircORe  (72)

Similarly, we also have

K 2 a 2
Z |g£E,kbi| = Z }ggakg?ioﬂ )
ik i#k

K
= llgresl” pire Y 6o (73)
i#k
Substituting (72) and (73) and into (36), the achiev-
able rate of the eavesdropper channel BS — R — Ej,
is

NPso?
%MRC lo 1+ min [ ——2"BR ,
&2 KPsoZq + 1
hrex||? b
l RE2,k|| a4
”hRE,k:H C+Nd
where grer = /TRekrhRrexr With nrgj being

distance-dependent path-loss attenuation with the
2 2 52
value of one denoted by ORE b = PRO’RE kORD k>

¢ = Proge E#k Gfp,»and d = K 625 i

From (74), we can rewrite the expression (19) as in
(75) shown at the top of the next page. Next, it
notes that we can simplify the expression (75) based
on the characteristic of network setting by using ad-
vantage of large antenna arrays at R. Specifically,

making gk, is always greater than v, if C1 :

KPsosn+1)6
m Consequently, we have
Psogg Ez;ﬁk URD i

||hRE,k||2b R~ R
- r<hRE,ku2c+Nd>2( )1,

N >

(76)

Having (76) at hands allows us to derive the the CDF
of fyMRC Mathematically, we can write
< 7) (77)

Over Rayleigh fading channels, ||hRE7k.||2 is x? dis-
tributed with 2 degrees of freedom, it is straightfor-
ward to arrive at

F. (v)=Pr| ——m——
e 7 <hRE,k||20+Nd

Nd~
Py () =Pr (el < 20 )
—1— exp ( Ndy ) : (78)
b—cy

https://doi.org/10.52111/qnjs.2021.16307

resulting in Fw;i (7) as

Nd— (b+c¢)log(l—7)
Nd — clog(1 —7)

Fol(v) = (79)

Combining (21) and (79), Theorem 2 is derive.

C. Proof of Theorem 3

Proof of Theorem 3 is starting from (16), in which the
definition of the achievable rate of the transmission
link BR — R — Dy, is derived by using ZFR/ZFT.
Hence, we need to calculate both 'yél;k and 'yFZzIBk in
two phases as follows:

Firstly, the k-th signal stream processed at R can be

rewritten by recalling Azr in (26) as in (80) shown

at the top of the next page. where [AZFL =

H -1 ~H
[(GBRGBR) GBR} &
The SINR at r;, due to no multiple signal stream
interference, i.e., IS, = 0, can be rewritten as

Ps ‘]E { {Azp} . gBR,kH2

PsVar ([AZF] i gBR,k) + NRy,

ZF A
Dy —

» @D

With property of ZF , we have AEFGBR = Ig3 re-

sulting in {AZF} gBR,; = Oki, Where d1 ; = 1 when

k = i and 0 otherwise. Therefore, we have
E{|Az] gorif=1. (82)
From (82), the variance of ([AZF] . gBRyk) is given
by
- - 2
Var ([AZF} i gBR,k) =K {‘ [AZF} i gBR,k‘ }—1 = 0.

(83)
For NRy,, we have

NR, = E {}agan ‘2} ,
=FE {‘ [(GgRGBR)71 GgR} . nR7k‘2} , (84)

—e{m([(cthc) ],,)}-

By using the identity of the book,>* Lemma 2.10, we
have

(85)
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1
= Pr (85, > 80~ Jog, (14 min GBS )

_pr NPsogg hge.cl|* b r<
KPsodr+1 = |hres|®b+ Ne
N Pso2 h 2p
4 Pr SQUBR | REQ,k“ .
KPSUBR+1 ||hRE,k|| C—|—Nd |

2 FURC_
SOBR
2
REk| ¢+

ri = /Ps {(G}EI;{RGBRY1 GthgBR,kivk

K
+ \/Fsz [(GSRGBR)A GgR}  BBRTi T [(GIB{RGBR)il Gé{R] R

itk

K
=D {Azp}  BBRATE +VPs Z {Azp}  BBR.iTi + [AZF] LR (30)

Substituting (82), (83), and (85) into (81), the
achieved close-expression SINR of the k-th signal
stream at R is obtained as

Yerr = (N — K)Psogg. (86)

Secondly, we derive a close-form expression SINR of
the transmission link R — Dy, by the above same way,
namely,

(N - K)PR&ED,k

K 2 ~92 K 1 7
PRY 2102, + ORp g 2oict 52

9RD,i

YD, = (87)

From (86) and (87), we finally obtain (40), i.e., the
proof of Theorem 3 is completed.

D. Proof of Theorem 4

To prove Theorem 4, we first compute &t from (42).
With the help of the book, 34 Lemma 2.10, we obtain
items as follows:

The received signal at Ey, is

N 2
’gg&k {BZF]k‘ -

P%FE {

= HgRE,k|

N—

17 |2
T A AT Aok
ERE,k [GED (GRDGRD } }7
k

? P%F]E { {(GgoéﬁD) 1] kk} )

2 2
1
~ HgRE,kH PzF . (88)
N - K

=2
ORD,k

- 2
For Zf;k E {’ggw {BZFL’ }, we have

> e { ek [B]
= pae ilE {

2}
i£k '

(2

ke | Gio (GhoGio) |

2 K
HgRE,k P%F Zi;ék 321 ,
RD,7
= N . (89)

Substituting (88) and (89) into (42), we have

1
RE = 5 logs (1 + min ((N — K)Psodg,

||gRE,k||2P%F 1

&goﬁk N—
||gRE,k||2P§F Zf;k ﬁ .
N*K = + 1

(90)

Next, we perform the same approach as for
Theorem 2. Finally, we easily obtain the result as in
Theorem 4.
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TRUONG DAI HOC QUY NHON

6n dinh trung binh mii cGia hé ngau nhién rd&i rac
c6 do tré bién thién theo thdi gian,
théng qua cach tiép can dua trén IPR

Pham Ky Anh va Tran Ngoc Nguyén*
Khoa Todan va Thong ké, Truong Dai Hoc Quy Nhon, Viét Nam

Ngay nhan bai: 16/03/2022; Ngay nhan dang: 07/06,/2022

TOMTAT

K thuat IPR (Internally Positive Representation) gitip chuyén bai toan xét ¢ 6n dinh ctia hé tuyén tinh
khong duong thanh xét do 6n dinh caa hé tuyén tinh dwong ma ma tran h¢ sb duoc xay dung tur viéce trich Xuét cac
ma trdn cta hé théng can xem xét. Trong bai bao nay, ching toi trinh bay sy phat trién ciia cach tiép can dua trén
IPR cho mot 16p cac hé ngdu nhién roi rac véi tré thoi gian. Nghién ctru cia chiing t6i ¢6 gang tim mot wdc lugng a
mil cho gia tri tuyét dbi ctia ky vong ctia vecto trang thai. Bé 1am dwoc diéu nay, du tién, ching toi xem xét tinh 6n
dinh mii cia mot hé ngiu nhién roi rac dwong c6 do tré thay d6i theo thoi gian. O ddy ca tinh duong va tinh 6n dinh
ham mii duge xem xét theo nghia ky vong. Tiép theo, bang cach sir dung k¥ thuat IPR, chiing t6i phat trién két qua
thu dwoc cho hé ngau nhién khong dwong. Cudi ciing, chiing t6i dwa ra mét s6 vi du minh hoa cho tinh hiéu qué cua
phuong phap vira phat trién.

Tirkhéa: Internally Positive Representation, wéc liong trang thdi trung binh mii, hé ngdu nhién roi rac, tré bién
thién theo thoi gian bi chan.
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ABSTRACT

The internally positive representation (IPR) technique helps to reformulate the stability problem of non-
positive linear systems into the stability problem of a class of positive linear systems, whose matrices are
constructed from the extraction of matrices of the considered system. In this paper, we present a development
of the IPR-based approach to a class of stochastic discrete-time systems with time-delays. Our study is
devoted to the problem of finding an a-exponential estimate of the absolute of the expectation of the state
vector. For this, firstly, we investigate the the exponential stability problem for a class of positive stochastic
discrete-time systems with time-varying delays. Here, both the positivity and the exponential stability are
considered in the sense of expectation. Next, by using the IPR technique, we develop the obtained result to
a class of non-positive stochastic systems. Finally, a numerical example is given to illustrate the effectiveness
of the developed approach.

Keywords: Internally positive representation (IPR), exponential mean state estimate, stochastic discrete-

time systems, bounded time-varying delay.

1. INTRODUCTION

The IPR-based approach for analyzing the sta-
bility of linear dynamical systems has been pro-
posed by the authors in.'3 It includes two main
steps: (1) Constructing a positive linear system,
whose matrices are designed from the extrac-
tion of matrices of the considered system, such
that the stability of a considered system is fol-
lowed from the stability of the constructed posi-
tive system; (2) Analyzing the stability of the
constructed positive linear system. In five re-
cent years, this approach has been developed
to some classes of linear systems with time-
delays, e.g., continuous-time linear systems with
time-varying delays,*® singular linear systems
with time-varying delays,%® difference equa-
tions with constant time-delays.? To the best of
our knowledge, so far, there has not been any re-
sult which reported on the IPR-based approach
to the stability problem of classes of stochastic
systems with time-delays. This unsolved prob-
lem, therefore, will be investigated in this paper.

Because of a vast applicability in many ar-
eas such as finance, economics, biology, physics,
communication,. . ., the topic on stability analy-

*Corresponding author.

Email: tranngocnguyen@gqnu.edu.vn
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sis of stochastic systems has been an attractive
research issue for past decades, see, e.g., 0 and
the references therein. Rather than the asymp-
totic stability where guarantees only the conver-
gence of the state vector, the exponential stabil-
ity with a given rate and a known factor can pro-
vide more quantitative estimates, which is often
required in practical applications. Most of ex-
isting results reported on two types of the expo-
nential stability for classes of stochastic systems,
including: (1) p-th moment exponential stability
with p > 2 (in the case p = 2, it is referred
as mean square exponential stability);15719 (2)
Almost-sure exponential stability.2023 In 2014,
Bolzern et al.,'® proposed and investigated the
1-th moment exponential stability (i.e., the ex-
ponential mean stability) for a class of Markov
jump systems. They have also shown that the
estimate of the expectation of the state vec-
tor obtained from the exponential mean sta-
bility is more accurate than the one obtained
from the exponential mean square stability. Re-
cently, the problem of exponential mean stability
has also been developed to some classes of pos-
itive Markov jump systems with/without time-
delays.?*26 However, it seems that, so far, there
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has not been any result reported on the expo-
nential mean stability problem for classes of non-
Markov jump stochastic systems.

Within ten recent years, a considerable num-
ber of research attention has been paid to the
problem on stability analysis of classes of pos-
itive linear systems with time-varying delays.
There are two popular approaches, including: (1)
the approach based on the solution comparisons
between a positive system with time-varying de-
lays and the one with constant time-delays, 2737
and (2) the approach based on the direct com-
parison between the system solution and a con-
structed exponential function.®” 42 With regard-
ing to the topic on the stability analysis of pos-
itive stochastic systems, almost existing works
have reported only on classes of positive stochas-
tic systems of the Markov jump type. Because
coefficient matrices of a positive Markov jump
system belong to a predefined set of Metzler
or nonnegative matrices, under a positive ini-
tial condition, its state vector is always posi-
tive. 134347 Very recently, Liang and Jin,%? have
considered two other classes of positive stochas-
tic (non-Markov) systems, these are more gen-
eral notions of positivity for classes of stochas-
tic (non-Markov) systems: the positivity in the
sense of probability and the positivity in the
sense of expectation. The former notion means
that, for a predefined threshold, m, between
0 and 1, from any positive initial condition,
there exists a time point such that from this
time point, the probability that state vectors
of the system are non-negative is not less than
the threshold m. The latter notion is used for
stochastic systems in which the expectation of
state vectors is always non-negative for any pos-
itive initial condition. These two notions of pos-
itive stochastic systems have not yet been de-
veloped to any discrete-time or continuous-time
stochastic systems with time delays.

Motivated by these discussions, in this pa-
per, we will consider a class of linear stochas-
tic discrete-time systems with time-varying de-
lays which can be seen as a discrete-time ver-
sion of stochastic continuous-time systems with
time-varying delays and random uncertainties.
An IPR is firstly constructed to deal with the
a-exponential mean estimate for an arbitrary
(not necessarily positive) system. We then de-
velop results about the exponential mean sta-
bility for positive stochastic systems. Under the
effect of stochastic factors, the system is not pos-
itive in the normal sense as in deterministic sys-
tems. However, we will show that under some
conditions on coefficient matrices and stochas-
tic process, the system is still positive in the

sense of expectation (see Definition 4.1 below).
From this property, we will study the mono-
tonicity of the expectation of the state vector
of stochastic systems. As a result, for the first
time, a solution comparison principle for lin-
ear stochastic discrete-time systems with time-
varying delays will be introduced. By using this
solution comparison and a state transformation,
we will derive an a-exponential mean estimate
for state vector of positive stochastic systems. A
sufficient condition for the a-exponential mean
boundedness of positive stochastic systems (in
the sense of expectation) which is based on the
spectral property of the coefficient matrices is
then introduced. This new approach will give
us an estimation with time-varying coefficients.
For the sake of demonstrating the effectiveness
of the IPR approach, we also introduce another
result about the a-exponential mean bounded-
ness of linear stochastic systems which is based
on positive “upper bound” systems. Together
with theoretical results, a numerical example is
also conducted to show that the approach based
on the IPR will give us i) a less conservative
condition for the exponential mean stability of
the stochastic discrete-time system with time-
varying delays than the approach based on an
“upper bound” system, and ii) a more accurate
a-exponential mean estimates of state vector of
the system. Our contributions in this paper can
be summarized as below:

e For the first time, an IPR is applied for
a class of stochastic discrete-time systems
with time-varying delays to derive an a-
exponential mean estimate for state vec-
tors.

e The notion of the positivity in the sense of
expectation is introduced for a class of lin-
ear stochastic discrete-time systems with
time-varying delays. We then prove some
sufficient conditions for stochastic systems
to be positive in the sense of expecta-
tion. A solution comparison between pos-
itive stochastic systems with time-varying
delays is established. This comparison is
then combined with a state transforma-
tion to derive an a-exponential mean esti-
mate for positive stochastic discrete-time
systems with time-varying delays. This is
the key tool for the IPR method.

The paper is organized as below. The next sec-
tion introduces notations, definitions and some
preliminary results. The IPR approach is pre-
sented in Section 3 to derive an «a-exponential
mean estimate of non-positive linear stochas-
tic discrete-timeys stems. Section 4 is devoted
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to positivity and solution comparison principle
of linear stochastic systems. In addition, an a-
exponential mean estimate for positive stochas-
tic systems is also established in this section.
Section 5 introduces another approach to obtain
an a-exponential mean estimate for stochastic
systems which is based on “upper bound” sys-
tems. An illustrative example will be presented
in Section 6 to verify theoretical results. Sec-
tion 7 concludes the paper.

2. SYSTEM, NOTATIONS AND
DEFINITIONS

Notations: N, R™ and Rp, are respec-
tively the set of nonnegative integers, the n-
dimensional vector space and the nonnegative
orthant in R”; e = [1 1 --- 1]T € R™; for two
vectors = [x1 o - @),y =[yr Y2 - Ya]"
in R™, two n X n-matrices A = [a;;], B = [b;j],
x <y (x = y)means that x; < y; (x; < y;),Vi =
1,---,nand A < B (A < B) means that a;; <
bij (aij < bij),¥i,j =1,---,n; Ais a nonnega-
tive matrix if 0 < A; z = y (A = B) means that
y 2z (B = A); p(Ad) = max{|A| : A € 0(A)}
is the spectral radius of A; I, is the identity
matrix of size n. The maximum, minimum of a
finite set of vectors (of matrices) are understood
componentwise. Similarly, the absolute value of
a matrix A (or a vector x) is also understood
componentwise.

Let (Q,0,P) be a basic probability
space. The notation [E( denotes the com-
ponentwise expectation of a random vari-
able ¢ = [¢1 & ---G]T in R, ie E¢ =
[E¢i B¢y ---E¢,)". For a positive integer
h € N, let C([-h,0],R™) be the set of all
functions ¢ : {—h,—h 4+ 1,---,0} — R™. Let
Co([=h,0],R™) be the family of C([—h,0],R™)-
valued random variables on (2, o, P) such that

SE{_hEll?i(l,m,O} ‘E¢(S)‘ < 00, for any Qﬁ() c

eo([_ha 0]7 Rn)

The result in this paper can be easily devel-
oped for linear stochastic discrete-time systems
with multiple time-varying delays. Hence, for the
sake of simplicity, in this paper, we consider the
following linear stochastic discrete-time system
with a time-varying delay

x(t+ 1) =[Ag + £(¢) Bo)x(t) (1)
+ [A1 + &) B1lz(t — ha (), t €N,
z(s) =¢(s), s€ {—h,—h+1,---,0},

where z(t) € R™ is the state vector; &(t)
a scalar random process satisfying EE(t) =

is
b 3
vt € {=h,—h + 1,---,0}, for some £ € R

https://doi.org/10.52111/qn;js.2021.16308

and £(0),£(1),--- are assumed to be mutually
independent; Ay, A1, By and By are four ma-
trices in R™*™: an unknown time-varying delay
hi(t) € [0,h], where h > 0 is a known integer
and ¢ € Cy([—h,0],R™) is an unknown random
function satisfying

|E¢(S)| = 5(8)7 s € {_hv_h+ 17' o 70}7 (2)

where ¢ € C([—h, 0], 0.4) 1s a known function.
Let us denote by x(t, ¢) the unique solution, un-
der the initial value function ¢(-), of system (1).
The process £(t) whose the expectation equals
to 0 is considered very often in discrete-time
stochastic systems, e.g..174859 In this paper, we
will study the system (1) under a more general
stochastic process &(t).

Inspired by the notion of exponential mean
stability in,'® we introduce the following defi-
nition of a-exponentially mean boundedness for
the stochastic system (1).

Definition 2.1. Let a > 1 be a positive real
number. System (1) is said to be a-exponentially
mean bounded if there exist a vector-valued
function n(t, Ay, By, Ay, By, h, (5, g) S Rgﬁ_, te
N such that

|Ex(t,¢)| < n(t,-)a™t, teN. (3)

The function 7(-) is called the factor function.
In the case where system (1) is a-exponentially
mean bounded, for some o > 1, an estimation
in the form (3) is called an a-exponential mean
estimate of this system.

Before introducing main results of this paper
in next sections, we recall a well-known result re-
lated to properties of Schur matrices.

Lemma 2.2 (°!). Let M be a nonnegative
matrix in R™”*™. Then M is Schur matrix, i.e.
p(M) < 1, if and only if one of the following
conditions holds: i) there exits an vector z € R}
such that (M — I,)z < 0; ii) (I, — M)~! = 0.

3. AN IPR APPROACH FOR oa-
EXPONENTIAL MEAN BOUND-
EDNESS OF NON-POSITIVE
STOCHASTIC SYSTEMS

In this section, by using an IPR approach for
the system (1), we will establish an exponential
mean estimate for this system. For any x € R"
and M € R™™ let us introduce the following
min-positive representation,?

m(z) = {mf] , (4)

T

where 21 = max{z,0}, 2~ = max{—=z,0},
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and

M- M™T (5)
where M =max{M,0}, M~ = max{—M,0}.

(M) = [M+ M‘] |

Let us consider the following stochastic system

Z(t + 1) =I1 (Ao + &(t)Bo) &(t) (6)
+ I (Ay +&(8)B1) 2(t — ha(t)), t €N,
z(s) =n(¢(s)), se {—=h,—h+1,---,0}.

The next lemma gives us some properties of the
min-positive representation.

Lemma 3.1. Let x(¢, ¢) and

#(t,¢) = [&'(t, 7(9)) (¢, 7(9))] € R*

be respectively the solution of (1) and (6). For
all t € N, we then have

(a) :L'(t, ¢) = fE(t, ¢>+ - ZE(t, ¢)_
and |z(t,¢)| = z(t,d)" + z(t,¢);

(b) M =M*— M- and |[M|=M*+ M~;
(c) @(t,¢) = &' (t, m(¢)) — *(t, 7()).

Proof. The first two properties can be ver-
ified easily. The proof of (c¢) can be found in,°
Theorem 6. 0
For each t € N, Lemma 3.1-(c) implies that

[Ex(t,¢)] = [Ei'(t,m(¢)) — E&2(t, m(4))(7)
< B2 (t,7(9))| + [E2*(t, m(8))].

We will prove, in the next section (see
Lemma 4.2-7)), that the system (6) is positive in
the sense of expectation. In particular, we have

[Ei(t, w(¢))| = Ei(t, n(4)) = 0, Vt € N,

Moreover, we will prove (see Theorem 4.4 below)
that for any o > 1 which satisfies

p (aH (Ao + éBo) + oI (A1 + éBl)) <1,
we have
Ei(t, m(¢)) < 2(t, d)a"t, t € N, (8)

where ¢ € C([=h,0],R™) will be defined later

and £(t, ¢) is the solution of the following sys-
tem

2(t + 1) =all (A + £(t) Bo) 4(t) (9)
+ oI (Ay + £(t)By) 2(t — ha(t)),
teN,

'2(8) :QAS(S), s € {_h7_h+ L. 70}

In addition, Z(¢,-) is a non-increasing func-
tion. This means that the system (6) is a-
exponentially mean bounded.

By combining the previous facts, we obtain
the following theorem which gives us a sufficient
condition for the a-exponential mean bounded-
ness of system (1).

Theorem 3.2. Let a > 1 be such that
0 (aH (AO + 530) + (A1 + éBl)) < 1.(10)

Then, system (1) is a-exponentially mean
bounded and the a-exponential mean estimate
is given by

[Ex(t, ¢)]

where z(t,¢) = EzNt,4) + E2%(t,$) and
3(t, ) = [21(¢, d) 22(t,$)] € R2" is the solution
of (9). In addition, the factor function z(-, @) is
non-increasing.

< Z(t,d)a (11)

In the next section, we will establish an a-
exponential mean estimate for positive stochas-
tic discrete-time systems in the sense of expec-
tation from which the result in Theorem 3.2 is
followed.

4. AN o-EXPONENTIAL MEAN
ESTIMATE FOR POSITIVE
STOCHASTIC DISCRETE-TIME
SYSTEMS AND ITS APPLICA-
TIONS

Different from positive Markov jump linear
systems, under the influence of stochastic uncer-
tainty £(t), the system (1) might not be positive
even if the initial value function belongs to the
nonnegative orthant. From this fact and the no-
tion of positive systems, see, e.g.,?>53 we intro-
duce the following definition of positive stochas-
tic systems in the sense of expectation.

Definition 4.1. System (1) is said to be positive
in the sense of expectation if for any random ini-
tial value function ¢ € C,([—h, 0], R™) such that
E¢(-) = 0, we then have Ex(t, ¢) = 0.

From now on, for simplicity, sometimes we
say that a stochastic system is positive to mean
that this system is positive in the sense of expec-
tation. We will prove that under some assump-
tions related to the coefficient matrices, the ran-
dom process and the initial value function, sys-
tem (1) is positive. From the positivity of this
system, we will apply solution comparison-based
methods to establish relations between positive

https://doi.org/10.52111/qnjs.2022.16308
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systems, see, e.g..34?* More specifically, this ap-
proach will make a comparison between state
vectors of the stochastic discrete-time system

with time-varying delay (1) with state vectors of

the following “similar” constant time delay sys-
tem

y(t + 1) =[Ao + &(t) Boly(t) (12)
+ [A1 + &) Bi]y(t — h), t €N,
y(s) =¢(s), s€ {—=h,—h+1,---,0},

where 1) € C,([—h,0],R™) is a random function
with known expectation. In addition, the system
(1) is also compared with the following “upper”
system

Z(t + 1) =[Ao + &(t) Bolz(t) (13)
+ [A1 + € Bi]a(t — (), t €N,

Z(s) =¢(s), s€ {—h,—h+1,---,0},

where Ag, A1, By and Bl are matrices in R™*"
such that 0 =< Ag + 530 < Ay + fBo and
0= A1+£Bl < A4 +§Bl The positivity and the
monotonic property of these systems will be ap-
plied to derive an a-exponential mean estimate
for the positive stochastic system (1).

4.1. Positivity and solution comparisons

In this section, we will prove the positivity
of systems (1), (12) and (13). From this prop-
erty, we then derive some solution comparisons
between these systems. The main results of this
section are presented in the next lemma.

Lemma 4.2. Let us assume that the matrices
Ao, A1, By, By and the random process £(t) sat-
isfy Ag + E&(t)By = 0 and Ay + E£(¢)B; = 0
for all £ € N. Then, the following assertions hold
true.

i) Assume that E¢(-) »= 0 and Ey(-) = 0
Then, systems (1), (12) and (13) are posi-
tive in the sense of expectation.

i7) For all ¢1,¢2 € C,([—h,0],R™) such that
0 =X E¢p1(s) 2 Ega(s) Vs € {—h,—h +
,0}, then

Eil’(t, ¢1) = El‘(t, ¢2) vVt € N. (14)

iii) For all ¢ € Co([—h,0],
E¢(-) = 0, we have

Exz(t,¢) < Ex(t,¢) Vt € N. (15)

R™) such that

iv) For every random function ¢ €
Cy ([~ h, 0], R™) such that E§(t+1) < E5()
for all ¢t € {-h,—h + 1,---,—1} and
(A1 + EB1)ES(—h) + (Ao + §Bo)ES(0) =
E6(0), we then have

https://doi.org/10.52111/qn;js.2021.16308

iv)-1) Ey(t+1,0) < Ey(t,0), Vt € N,
w)-2) Ex(t,0) = Ey(t, ), Vt € N,

where z(t,d) and y(t,0) are respectively
solutions of systems (1) and (12) under the
initial conditions ¢(s ) = (s) = d(s) for
all se {—h,—h+1,---,0}.

Proof. 7) We just need to prove the pos-
itivity in the sense of expectation of the sys-
tem (1). The positivity of two systems (12) and
(13) follows as a particular case of (1). From
the initial condition that E¢(t) = 0, for all ¢ €

{=h,—h+1,---,0} and noting that E£(0) = €,
Ag +EBy = 0 and A + By = 0, we then have
Ez(1, )
= E{[Ao + £(0)Bo]=(0)
+ [A1 + £(0) Bz (—h1(0))}

= (Ao + €Bo)Ee(0) + (A + £B1)Ed(—h1(0))
0.

Y

Suppose that Ex(t,¢) = 0 for all t € {—h,—h +
1,--- ,to} for some tg € Ny. We now prove that
Ex(to 4+ 1,¢) = 0. Indeed, from the assumption
that ]Eg(to) = é, Ao + éBO = 0, Ay + éBl = 0,
and noting that 0 < hy(tg) < h, we then get
from the induction hypothesis that

Ex(to + 1, ¢) =E{[Ao + £(t0) Bolz(to)
+ [A1 + &(to) Bi]z(to — ha(to))}
=(Ao + Bo)Ex(to)
+ (A1 + £B1)Ea(to — ha(to))
>=0.

By induction argument, we obtain the conclu-
sion.
i1) Let us denote

6(t7¢) = Ji(t, ¢2) - l‘(t, ¢1)7

where

() = do(t) — d1(t),Vt € {—h,—h +1,--- ,0}.

It can be verified that e(t, ) is the solution of
the following linear stochastic discrete-time
system

e(t +1) =[Ao + &(t) Bole(t)
+ [A1 +&(8) Bule(t — ha(t)), t €N,
e(s) =o(s), s € {—h,—h+1,---,0},
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By using assertion ¢) with noting that
E(t) = E¢a(t)~Eex (t) = 0
vte {—-h,—h+1,---,0},

the above system is positive in the sense of ex-
pectation. This means that

]Ee(ta ()ZAS) = Em(ta ¢2) - E:L‘(t, ¢1) =0
from which the conclusion i) follows.
ii1) Let t € N. By using the positivity of systems
(1), (13), and the assumption that
0= Ag+E€By < Ag +£By,
0= Ay +E€By < Ay +€By,

taking the expectation on both sides of (1)
with noting that E&(t) = &, Exz(t) = 0 and
Exz(t — hi(t)) = 0, one gets

Ez(t + 1,¢) =E{[Aq + £(t) Bo]z(t)

+ [A1 + £(8) Ba]a(t — ha (1))}
—=(Ag + EBo)Ea(t)

+ (A + EB1)Ex(t — hi(t))
<(Ag + £Boy)Ex(t)

+ (Ay 4 €B))Ea(t — hy(t))
=(Ag + £Bo)EZ(t)

+ (A1 4 EB)EZ(t — hy(t))
=E{[Ao + £(t) Bo)z(t)

+ [A1 + () Bzt — ()}
=Ez(t + 1, ¢),

from which completes the proof of iiz).

iv) Firstly, we will prove 4v)-1) by induction. For
t = 0, from assumption on the initial value func-
tion 6 and E£(0) = &, we then have from system
(12) that

Ey(1,6) =E{[Ao + £(0)Bo]y(0)
+ [A1 + £(0) Bi]y(—h)}
=(Ap + £By)Ey(0)
+ (A1 + EB))Ey(—h)
=(Ag + £Bo)E5(0)
+ (Ay 4 €By1)ES(—h)
<E6(0) = Ey(0, ).

Suppose that Ey(t + 1,0) = Ey(¢,d) for all
te{—h,—h+1,--- ,to} for some tg € N.

We will prove that Ey(to +2,0) = Ey(tg + 1, 9).
Indeed, from system (12) and the assumption

that EE(to + 1) = E&(ty) = ¢, one gets

Ey(to +2,0) =E{[Ao + Bo&(to + 1)]y(to + 1)
+ [A1 + Bi&(to + D]y((to + 1) — 1)}
=(Ao + £Bo)Ey(to + 1)
+ (A1 +€B1)Ey((to + 1) — h)
=< (Ao + £Bo)Ey(to)
+ (A1 + EB1)Ey(to — h)
=E{[Ao + &£(t0) Boly(to)
+ [A1 + &(to) B1]y(to — h)}
=Ey(to + 1,9).

By induction argument, the proof of iv)-1) is
then completed.

Finally, we use again induction reasoning to
prove that iv)-2) is true. For the case t = 1,
by using the initial condition and the fact that
E£(0) = € and 0 < hy(0) < h, we then have

Ez(1,8) =E{[4o + £(0) Bo]x(0)

+ [A1 +£(0) Bi]z(—h1(0)) }
=(Ap 4 £By)Ex(0)

+ (A1 4 €By)Ea(—hy(0))
=(Ag 4 £By)ES(0)

+ (A + EB1)ES(—h1(0))
<(Ag + £By)ES(0)

+ (A + EB))ES(—h)
=(Ag + £Bo)Ey(0)

+ (A1 + €B1)Ey(—h)
=E{[Ao + £(0)Boly(0)

+ [A1 + £(0)Bi]y(—h)}
=Ey(1,9).

Suppose that Ez(t,0) =< Ey(t,0) for all ¢ €
{=h,—h 4+ 1,--- to} for some t; € N. We will
prove that Ey(to + 1,6) < Ez(tg+ 1,6). Indeed,
by using induction hypothesis, E£(tp) = 0 and
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iv)-1), systems (1) and (12) give us

Ex(to + 1,0) =E{[Ao + &(to) Bo]x(to)
+ [A1 + &(to) Bz (to — ha(to))}
=(Ao + £Bo)Ea(to)
+ (A1 + €B1)Ea(to — ha(to))
=(4o + £Bo)Ey(to)
+ (A1 +£B1)Ey(to — ha(to))
=(Ao + £Bo)Ey(to)
+ (A1 + £B1)Ey(to — h)
=E{[Ao + &(t0) Boly(to)
+ [A1 + &(to) Bily(to — h)}
—Ey(to + 1,6).

From induction argument, we have thus proved
the conclusion iv)-2). O

4.2. An «-exponential mean estimates
for positive stochastic systems

Let us assume throughout this section that
the coefficient matrices Ay, A1, By, B1 and the
random process £(t) of system (1) satisfy condi-
tions in Lemma 4.2 for which this system is pos-
itive. In this section, we will provide a sufficient
condition for the a-exponential mean bounded-
ness of the positive system (1). By using results
developed in Section 4.1, we will derive an a-
exponential mean estimate for state vectors of
system (1) with time-varying factor function.
Our approach is based on an exponential state
transformation and solution comparisons.

Step 1: An exponential state transformation
Let @ > 1 and let us consider the following a-
exponential state transformation

p(t) = a'x(t). (16)
We introduce the following notations

©(s) = a®p(s) and B(s) := a*¢(s),
se{=h,—h+1,---,0}.

System (1) then becomes the following system

p(t +1) =afAg + £(t) Bolp(t) (17)
+ MDA 4 () Balp(t — ha (1)),
p(s) =p(s), s€{—=h,—h+1,--- 0},

and from (2), one has

0 =< Ep(s) = %(s) (18)
Vs € {=h,—h+1,---,0}.

https://doi.org/10.52111/qn;js.2021.16308

Step 2: Solution comparisons

We consider the following “upper” system of (17)

p(t + 1) =afAg + (1) Bolp(t) (19)
+ " AL + () By]p(t — ha(t)),
]3(8) :90(5)7 EAS {_h‘7 —h + 17 e 70}
It follows from 0 < hy(t) < hVt € N, a > 1 and
Al + fBl S R(TJL,-I- that

0= o™t (4 +€B)) < a1 (A + €By) Vt € N.

From this, Lemma 4.2 — i4), 4i3) and (18), we
then obtain

Ep(t, ») 2 Ep(t, ) 2 Ep(t, @), vt € N. (20)

Finally, we consider the following “similar” sys-
tem of (19)

2(t+ 1) =a[Ag + £(t) B2 (2) (21)
+ A + €(t)By]z(t — h), t €N,

Z(S) :77(8)’ s € {_h7 —h + 17 e 70},
where the function 7n(-) € Cy([—h,0],R™) will
be defined such that the expectation of the solu-
tion z(t,n) is a non-increasing function and is an
upper bound of the expectation of the solution

P(t, ). The next lemma will give us a condition
for the existence of such initial value function.

Lemma 4.3. Assume that
0 (a (Ao + éBO) + ol (A1 n 531)) <1

Then, there exists an initial value function
n(-) € Co([—h,0],R™) such that Ez(-,n) is a

non-increasing function and
Ep(t, @) 2 Ez(t,n), vt € N. (22)

Proof. Let us consider the following linear
programming problem

_In In 0 0 0
o -1, I, 0 0
0 0 L - 0 0|,<o,
: : S L, 0
0 0 o --- -1, I,
(23)
v—u=0,
(24)
{ah“(Al F€B1)0---0 aAg + £By) — In} u=0,
(25)

where v =[BT (=h) P (=h+1) --- 51 (0)]" €
RO+ and o = [ujh “Ih-s-l uOT]ER(hH)”

are unknown.
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By using the same argument as in,3¢ Step 2 we
conclude the proof of this lemma. (]
Noting that since both h, n(-) and E&(-) are
known, we can use system (21) to calculate the
expectation of the state vector z(t,n) for all
t € N. By combining (16), (20) and (22), we ob-
tain an a-exponential mean estimate with a de-
creasing factor function for the solution z(t, ¢)
of system (1) which is stated in the following
theorem.

Theorem 4.4. Let o« > 1 be such that
p(a(Ag +EBo) + o (A1 +£By)) < 1. (26)

Then, there exists an initial value function
n(-) € €([—h,0],R™) such that the system (1)
is a-exponentially mean bounded and its a-
exponential mean estimate is given by

Ex(t,¢) = Ez(t,n)a”", vt €N, (27)

where z(t,n) is the solution of the system (21).
In addition, Ez(-,n) is a non-increasing function.

Remark 4.5. In Lemma 4.3, instead of consid-
ering the linear programming (23)—(25), let us
consider the following one

min  f(u) :=c' (u—0v) s.t.(23),(24),(25),

uERMH7

(LP)
where ¢ := [1 1 --- 1]T € RO+D Let u* be
an optimal solution of (LP). By setting

77(5) = u; Vs € {7h?7h+ 1; e ,0}, (28)

the function 7(-) not only satisfies conditions of
Lemma 4.3 but also makes Y 0_ , [|E(n(s) —
@(s))|]1 smallest. The latter condition means
that in general (in the sense of expectation) the
function 7(-) is not too far from @(-). This will
provide an a-exponential mean estimate of the
state vector x(t, @) as accurate as possible.

Remark 4.6. By applying the result in Theo-
rem 4.4 to system (6) and noting that

II (Ao +€Bo) = 0,11 (A1 +éB1) =0
and En(¢(s)) = 0,

we then obtain the a-exponentially mean esti-
mate for the non-positive system (1) (given by
Theorem 3.2).

5. AN o-EXPONENTIAL MEAN
ESTIMATE VIA AN “UPPER
BOUND” SYSTEM

For the sake of demonstrating the effective-
ness of the IPR approach when applying to the

non-positive stochastic discrete-time system (1),
we introduce another a-exponential mean es-
timate for this system via an “upper bound”
system, see, e.g..'"3% In this approach, we will
bound from above the system (1) by the follow-
ing positive stochastic discrete-time system (1)

u(t +1) =[[Ao| + [£(t)]| BolJu(t) (29)
+ [[Au] + [E@ Br[Ju(t — ha (1)), t €N,
u(s) =l¢(s)|, s€ {-h,—h+1,---,0}.

Let us denote by u(t,|¢|) the solution of this
system. By virtue of Lemma 4.2 — 7), this sys-
tem is positive in the sense of expectation, i.e.
Eu(t,|¢|) = 0, for all ¢ € N. The following re-
sult gives us an a-exponential mean estimate of
system (1) based on this “upper bound” system.

Theorem 5.1. Let us assume that the stochas-
tic process &£(t) satisfies E|£(t)| < & for all t € E,
for some £ > 0. Assume that there exists o > 1
such that

pla(| Aol + €| Bol) + a1 (|A1| + €] Br])) < 1.(30)

Then, there exists a vector-valued function
A(t) € Ry ., t € N such that

Ex(t, ¢) = AM(t)a™", Vt €N, (31)
In addition, A(-) is a non-increasing function.

Proof. To complete the proof of Theo-
rem 5.1, we just need to prove that system (29)
is an upper bound of system (1) in the sense of
expectation, i.e.,

[Ex(t, )] = Eu(t,[¢]), Vi € N. (32)

The above inequality will be proved by induc-
tion. For all s € {—h,—h +1,---,0}, by apply-
ing the Jensen’s inequality, see, e.g.,®® for the
convex function f(x) = |z| and using the initial
conditions for systems (1) and (29), one gets

[Ez(s, )| = [Ed(s)| < E|gp(s)| = Eu(s, [4]).

Suppose that (32) is valid for all ¢t € {—h, —h +
1,--- ,to}, for some ty € N. Let us prove that
this inequality also holds at ¢ =ty + 1. Indeed,
from the definition of systems (1) and (29) and
remembering that 0 < hy(tyg) < h, we then have

https://doi.org/10.52111/qnjs.2022.16308

Journal of Science - Quy Nhon University, 2022, 16(3), 113-126 | 121



SCIENCE

QUY NHON UNIVERSITY

|Ex(to, ¢)| = [E{[Ao + &(to) Bolx(to)
+ [A1 + &(to) Bi]x(to — ha(to))}|
= {[Ao + E&(to) Bo]Ex(to)
+ [A1 + E&(to) B1]Ex(to — ha(to)) }|
= [[Ao| + [EE(to) || Bol][Ex(to)|

+ [|AL] + [EE(to) || Br][Ex(to — ha(to)) |

= [l Ao| + E[¢(t0)|| Bol]Eu(to)

+ [|A1] + E[€(2o)|| B1[[Eu(to — h1(to))
= E{[|Ao| + [£(to)[| Bol]u(to)

+ [ A1| + [£(to)[| B1[Ju(to — ha(to))}
= Eu(to + 1,4]),

where the second inequality is obtained from the
induction hypothesis and the Jensen’s inequal-
ity. This concludes the proof. O

Remark 5.2. 1. The result in Theorem 5.1
seems to be more natural than the one
in Theorem 3.2. However, we should note
that system (29) is an overestimate of sys-
tem (1). As a consequence, the range of
«a to get an a-exponential mean estimate
(condition (30)) will be narrowed. In ad-
dition, the a-exponential mean estimate
given in this theorem is also looser than
the one obtained by Theorem 3.2. These
advantages of the IPR approach will be
demonstrated in Section 6

2. By using a direct evaluation on the expec-
tation of the square norm of the state vec-
tor, Xu and Ge,!” proved the mean square
exponential stability of system (1) under
the usual condition on the stochastic pro-
cess (), i.e., E&(t) = 0 and EE(2)? = 1.
From this result and the Jensen’s inequal-
ity, we can derive an a-exponential mean
estimate for the system (1). It worth not-
ing that we can apply a direct evaluation
on the expectation of state vector (not
the square norm of state vector) to obtain
a more accurate a-exponential mean esti-
mate for this system. However, these two
estimates will be not as accurate as the
ones obtained in Theorems 3.2 and 5.1.

6. ILLUSTRATIVE EXAMPLE

This section is devoted to verify the effec-
tiveness of the IPR approach for deriving the
a-exponential mean estimate of the stochastic
discrete-time system with time-varying delay
(1). Let us consider system (1) with the follow-
ing coefficient matrices

https://doi.org/10.52111/qn;js.2021.16308

[0.51  0.10 —0.12
Ag= [0.04 —0.12 0.04

012 0.05 —0.06

[ 0.12  0.01 —0.08]
A= |-0.03 —0.15 0.02

| 0.04 —0.01 0.10 |

[—0.21 —0.03 0.11 ]
Bo= |—0.05 0.02 0.01

| 0.02 001 —0.02]

[0.01 —0.02 0.02 ]
By =005 —003 —0.07

|—0.05  0.01 —0.01]

The stochastic process £(¢) will be chosen
such that EE(t) = 0.2 and E[£(t)] < 0.8,
for all t € N. We assume that the expecta-
tion of the initial value function is bounded by
é(— 2) = [3.3, 3.8, 1.7, 6(—1) = [2.4, 2.8, 0.7]
and ¢(0) = [-3.0, —3.3, 1.7]. The bound of the
time-varying delays h is set by 2.

By using one dimensional search, we can find
the largest value of the decay rate « such that
Theorems 4.4 and 5.1 can be applied. The re-
sults are given in Table 1. From this table, we
can see that the sufficient condition derived by
the IPR method the (condition (10)) gives us
a larger range of decay rate o than the condi-
tion obtained in Theorem 5.1 (condition (30)).
This means that the a-exponential mean esti-
mate of state vectors obtained by Theorem 4.4
has a broader applicability.

Table 1. Ranges of decay rate «

Methods Range of «
Theorem 3.2 (condition (10)) [1, 1.294]
Theorem 5.1 (condition (30)) [1, 1.046]

—&—Eu(t,¢)
[Ba1(t,0)
—6—7(t,$)1.04~" (Theorem 1)
| =#=Ai(t)1.04" (Theorem 3)

-2 0 2 4 6 8 10 12 14

Figure 1. Trajectories of x1(t,¢), the mean
value Ex1(¢,¢) and its a-exponential mean
estimates
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- ()
—a—Ex,(t, ¢)

[Exy(t, 6)|
—6—3(t,$)1.04~" (Theorem 1)
| =#—=X(#)1.04~" (Theorem 3)

. . .
-2 0 2 4 6 8 10 12 14

Figure 2. Trajectories of zs(t,¢), the mean

value Exg (t,¢) and its a-exponential mean
estimates

= x3(t, )
—&— Ea;(t,¢)
[Eral, )]
—0—7(t,$)1.047" (Theorem 1)
—#— \3(t)1.047" (Theorem 3)

Figure 3. Trajectories of x3(t,¢), the mean
value Exs(t,¢) and its a-exponential mean
estimates

To illustrate the behavior of system (1) and
a-exponential mean estimates of this system, for
each t € N and s € {—2,—1,0}, we generate
100 random variables £(t) and ((s) such that
E&(t) = 0.2, [E€(t)] < 0.8 and E((s) = 0 to cre-
ate 100 stochastic systems under the form (1).
The initial condition is chosen by ¢(s) = ¢(s) +
((s) for s = =2, —1,0. Let us choose the decay
rate @ = 1.04 for which both results in Theo-
rem 3.2 and 5.1 can be applied. Figures 1-3 show
us the behavior of 100 realizations of the sys-
tem (1) together with its mean values Ez(¢, ¢)
and its a-exponential mean estimates EZ(¢,7).
As we can see, the expectation of state vectors
(the line —&—) is not positive. The behavior of
the line means that these systems are a-
exponentially mean bounded. Moreover, these
figures also show us that the a-exponential mean
estimate obtained by the IPR approach (the line

—e— ) is more accurate than the one given by the

“upper bound” approach (the line —#— ). This
verifies the effectiveness of the IPR approach on
the stochastic discrete-time system with time-
varying delays (1).

7. CONCLUSION AND PERSPEC-
TIVES

In this paper, we consider a class of lin-
ear stochastic discrete-time systems with time-
varying delays which can be seen as the usual lin-
ear discrete-time system with time-varying de-
lays and with random uncertainty. Under the as-
sumption that the random process does not lose
the positivity of coefficient matrices, we prove
that the system is still positive in the sense of
expectation. In addition, a new solution compar-
ison for stochastic systems is derived and then
is applied to obtain an a-exponential mean esti-
mate of positive stochastic systems. This result
is used together with the IPR approach to obtain
an a-exponential mean estimate for non-positive
stochastic discrete-time systems. Some numeri-
cal examples are performed to demonstrate the
effectiveness of the IPR approach on stochastic
systems. The approach in this paper can be also
applied to some other problems, e.g., interval ob-
server, 309657 ¢ _gain analysis, °®%? etc. Finally,
we list here some other open problems which can
be studied for stochastic systems: the positivity
in the sense of probability for stochastic systems,
the exponential estimate in the sense of proba-
bility for stochastic systems, etc.
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